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Abstrat
The global haraterization of struturally stable moni and entered
omplex polynomial vetor elds presented in [DES℄ is extended to inlude
all moni and entered omplex polynomial vetor elds in C.
1 History/Motivation
There are various motivations for the study of holomorphi vetor elds. These
motivations are largely interonneted, but there seem to be three shools of
fous whih we outline below.
The rst shool of fous we will mention is that whih onentrates on the use
of holomorphi vetor elds to obtain results within iterative holomorphi dy-
namis, speially in studying paraboli bifurations [Ben93℄, [Shi00℄, [Oud99℄,
[BT07℄, [Eps℄ and in the proof that there exist Julia sets of positive Lebesgue
measure [BC06℄.
The seond shool and the one this paper belongs to is studying holomorphi
vetor elds in their own right (lassiation) [BT76℄, [DES℄, and in the study of
quadrati dierentials [Jen58℄, [Str84℄. Quadrati dierentials and holomorphi
vetor elds an both be viewed as foliations with singularities. However, the
leaves are anonially oriented in the latter ase and not in the rst.
The last shool of fous we will mention is the one that utilizes the inte-
grability of holomorphi vetor elds to study real vetor elds and ontinuous
dynamial systems. More speially, limit yles and inverse problems relat-
ing to Hilbert's 16th problem whih (among other things) onsiders the upper
bound of the number of limit yles that an our for real polynomial vetor
elds in the plane [Sve78℄, [Sve81℄, [Ben91℄; Hamiltonian systems [Sve78℄; and
the existene of enters [Nee94℄ are studied. Although no limit yles exist for
holomorphi vetor elds, an important strategy when dealing with Hilbert's
2000 Mathematis Subjet Classiation: 37F75, 37C15, 37F20.
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16th problem is to study perturbations of holomorphi vetor elds with enters
[AGP09℄, [LS04℄.
In [BT76℄, the authors use two numerial invariants (one being the multi-
pliity of the zero, and the other oiniding with the dynamial residue dened in
Setion 4 of this paper) assoiated with the analyti funtion dening the vetor
eld, whih lassify the indued ow up to onformal equivalene. However,
this is a loal, not global, result. In this vein, [BT76℄ and [GGJ04℄ also give the
loal normal forms for suh ows.
Partial results for the global lassiation of omplex polynomial vetor elds
go bak to the lassiation of quadrati dierentials having poles of order ≥ 2
[Jen58℄, [Str84℄. The main ase where lassiation of the global struture of
quadrati dierentials that applies to holomorphi vetor elds is only a lassi-
ation for given quadrati dierentials. When it omes to proving existene of a
quadrati dierential with presribed ombinatorial and analyti properties (for
instane, the so-alled moduli problem for quadradi dierentials with losed
trajetories [Str84℄), the full lassiation of vetor elds is exluded sine these
theorems are only appliable to a speial sublass of vetor elds, or they as-
sume a nite area ondition, whih holomorphi vetor elds with at least one
zero never satisfy. Muin˜o-Raymundo [MR02℄ studies vetor elds but also only
overs a spei lass.
The study of global lassiation for omplex polynomial vetor elds in C
is reent [DES℄, and is formulated as follows.
The global haraterization of a moni, entered omplex polynomial vetor
eld orresponding to a xed polynomial P is determined by a ombinatorial
data set (desribing the topology) and an analyti data set (desribing the ge-
ometry). These invariants uniquely desribe suh a vetor eld. That is, two
moni and entered polynomial vetor elds with the same invariants must be
idential, and given a set of invariants, there exists a unique moni, entered
polynomial vetor eld having those invariants.
Douady, Estrada, and Sentena [DES℄ lassied the struturally stable
1
ase,
i.e. the vetor elds suh that there are neither homolini separatries nor
multiple equilibrium points. It will be shown in [DT℄ that these vetor elds in
fat make up an open and dense subset of full dimension in parameter spae.
In this paper, we omplete the lassiation of the global struture of om-
plex polynomial vetor elds in C by extending the result in [DES℄ to inlude
the non-struturally stable vetor elds.
The ontents of this paper are as follows.
In Setion 2, we review the basi denitions and results of moni entered
polynomial vetor elds in C for polynomials of a xed degree d ≥ 2. Setions
3 and 4 ontain the denitions of the ombinatorial and the analyti invari-
ants of suh a given vetor eld and synthesize their properties so that we are
able to abstratly dene ombinatorial and analyti data sets. In Setion 5
we show that two polynomial vetor elds with the same invariants are identi-
al, and also that any two polynomial vetor elds in the same ombinatorial
lass have quasi-onformally equivalent ows. In Setions 6 - 10, the invariants
are proven to be realizable, formulated in Setion 6 as the main theorem, the
Struture Theorem
2
, whih is proven in several steps in the setions that follow.
1
Called generi in [DES℄
2
Note that the Struture Theorem in Jenkins [Jen58℄ is a dierent statement.
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From any given ombinatorial and analyti data set we onstrut in Setion 7
a Riemann surfae M, alled the retied surfae. In Setion 8 it is shown to
be isomorphi to the Riemann sphere Cˆ. The manifold M is obtained from
an open non-ompat Riemann surfae M∗ as the ompatiation of M∗ by
adding a number of points determined by the ombinatorial data set. By on-
strution,M∗ has a anonial vetor eld ξM assigned. In Setion 9, this vetor
eld is shown to extend ontinuously to the zero vetor at all the added points,
identifying the equilibrium points of ξM. In the nal Setion 10, we show the
existene of a unique biholomorphism Φ :M→ Cˆ, whih makes the vetor eld
Φ∗(ξM) a polynomial vetor eld realizing the given ombinatorial and analyti
invariants. The ombinatorial and analyti data sets therefore give a omplete
global lassiation of polynomial vetor elds.
Aknowledgements. We are indebted to Adrien Douady for suggesting the
researh topi. We would like to thank Douady and likewise Pierette Sentena
for several helpful onversations about their work on the topi. In addition, we
want to thank Christian Henriksen for helpful omments and suggestions and
Xavier Bu for the suggestion of using Fatou oordinates in Subsetion 7.4.
2 Introdution/Preliminaries/Denitions
We reall now some general onepts. Details for muh of this setion an be
found in [DES℄ and [BT76℄.
Given P in Pd, the set of moni and entered polynomials of degree d ≥ 2,
there is an assoiated vetor eld ξP ∈ Ξd where ξP (z) = P (z) ddz . Suh a vetor
eld has a orresponding dierential equation
z˙ = P (z), (1)
where z˙ = dzdt , t ∈ R. The vetor eld ξP has equilibrium points ζ at the roots
of P , i.e. P (ζ) = 0. There are four types of equilibrium points: three types
orrespond to simple roots of P , and one type orresponds to multiple roots of
P .
Denition 2.1. An equilibrium point ζ is a sink, soure, or enter if and only
if P (ζ) = 0, P ′ (ζ) 6= 0, and ℜ (P ′ (ζ)) is negative, positive, or zero respetively.
An equilibrium point ζ is a multiple equilibrium point of multipliity m if and
only if P (ζ) = 0, P ′ (ζ) = · · · = P (m−1) (ζ) = 0, and P (m) (ζ) 6= 0.
The maximal solution γ (t, z0) of Equation (1) through z0 at t = 0 satises
γ (0, z0) = z0 and γ
′ (t, z0) = P (γ (t, z0)) for eah t in the maximal interval
]tmin, tmax[ where tmin ∈ R− ∪ {−∞} and tmax ∈ R+ ∪ {+∞}. The image
γ (]tmin, tmax[, z0) is the trajetory through z0. If z0 is not an equilibrium point
and if the maximal interval of γ (·, z0) is mapped bijetively onto the trajetory
through z0, then the limit points of the trajetory are as follows.
• For tmin = −∞: lim
t→−∞
γ (t, z0) = ζα,
a soure or a multiple equilibrium point.
• For tmax = +∞: lim
t→+∞
γ (t, z0) = ζω ,
a sink or a multiple equilibrium point.
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• For tmin < 0: lim
t→tmin
γ (t, z0) =∞,
the point at innity
• For tmax > 0: lim
t→tmax
γ (t, z0) =∞,
the point at innity.
If z0 is not an equilibrium point and if the maximal interval of γ (·, z0) is not
mapped bijetively onto the trajetory through z0, then the maximal interval
is R and γ (·, z0) is periodi of period τ where τ > 0 is minimal suh that
γ (t+ τ, z0) = γ (t, z0), for all t ∈ R. The bounded omponent of the omple-
ment C\γ (R, z0) of the maximal trajetory through z0 ontains a enter ζ. The
period τ satises
τ =
{
2πi 1P ′(ζ) if ℑP ′ (ζ) > 0
−2πi 1P ′(ζ) if ℑP ′ (ζ) < 0,
(2)
where in the rst ase, ζ is on the left of the periodi trajetory, and in the
seond ase, on the right.
The basins of equilibrium points are dened by the following:
• ζ soure:
B (ζ) = {z ∈ C | γ (t, z)→ ζ for t→ −∞}
• ζ sink:
B (ζ) = {z ∈ C | γ (t, z)→ ζ for t→ +∞}
• ζ enter:
B (ζ) = {ζ} ∪ {z ∈ C | γ (·, z) periodi and ζ is in the bounded
omponent of C \ γ (R, z)}
• ζ multiple equilibrium point:
B (ζ) = Bα (ζ) ∪ Bω (ζ) ∪ {ζ} where
Bα (ζ) = {z 6= ζ | γ (t, z)→ ζ for t→ −∞} is the repelling basin
Bω (ζ) = {z 6= ζ | γ (t, z)→ ζ for t→ +∞} is the attrating basin. (3)
The onneted omponents of Bα (ζ) and Bω (ζ) are alled repelling petals and
attrating petals respetively. In all four ases, B (ζ) is an open, simply-onneted
domain.
If either tmin or tmax is nite, then the trajetory assoiated with this maxi-
mal interval is unbounded. It is interesting to study the behavior of a polynomial
vetor eld in a neighborhood of innity. We state a result from [DES℄.
Proposition 2.2 (From Chapter I in [DES℄). For every polynomial P ∈ Pd,
there exists a unique isomorphism, tangent to the identity at innity, whih
onjugates the vetor eld ξP to ξ0 (z) = z
d d
dz in a neighborhood of ∞.
Another result from [DES℄ states
Proposition 2.3 (From Chapter I in [DES℄). There exist 2d− 2 solutions γℓ,
ℓ ∈ {0, 1, . . . , 2d− 3} suh that
• for ℓ odd, γℓ is dened for ]− αℓ, 0] and |γℓ (t) | → ∞ as t→ −αℓ, and
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• for ℓ even, γℓ is dened for [0, βℓ[ and |γℓ (t) | → ∞ as t→ βℓ.
In a neighborhood V∞ of innity, the trajetory γℓ is asymptoti to the ray tδℓ,
t ∈ R+ determined by δℓ at ∞, where
δℓ = exp
(
2πi
ℓ
2 (d− 1)
)
, ℓ ∈ {0, 1, . . . , 2d− 3}. (4)
Denition 2.4. The separatries sℓ, ℓ = 0, . . . , 2d− 3, of ξP at innity are the
maximal trajetories of ξP that have asymptoti diretions δℓ at innity. For
ℓ odd, the separatrix is alled outgoing, and for ℓ even, the separatrix is alled
inoming.
Remark 2.5. Note the labelling of the separatries whih will be important,
among other things, for the uniqueness in the Struture Theorem 10.1.
There are two possibilities for a separatrix sℓ. Either it is landing, or it is
homolini.
Denition 2.6. We say sℓ is landing or sℓ lands at ζ in C if ζ = s¯ℓ \ sℓ is the
limit point of sℓ in C as t tends to +∞ or −∞, depending on whether sℓ is an
outgoing or inoming separatrix to the point at innity.
The limit point ζ is a sink, soure, or multiple equilibrium point.
Denition 2.7. If s¯ℓ \ sℓ = ∅ in C, then the separatrix is both outgoing from
and inoming to innity, and is alled a homolini separatrix of innity.
Remark 2.8 (Remark and Notation). When we need to speify that ℓ is even
or odd, we use j and k respetively, while ℓ is used to denote either even or odd.
Homolini separatries will sometimes be notated by sk,j with two indies,
one odd and one even to speify both the outgoing and inoming diretions it
has at innity.
We will often onsider ξP on the Riemann sphere Cˆ, where innity is a pole
of order d− 2 (see [DES℄).
Denition 2.9. The separatrix graph of ξP is
ΓP =
2d−3⋃
ℓ=0
sˆℓ, (5)
where sˆℓ is the losure in Cˆ.
Remark 2.10. The separatrix graph ΓP ontains innity and all sinks, soures,
and multiple equilibrium points, but not enters. That is, for every equilibrium
point whih is not a enter, there exists at least one separatrix whih lands at
it.
The onneted omponents Z of Cˆ \ ΓP are alled zones. Note that every
separatrix is on the boundary of one or two zones (for proof, see [DES℄). Within
the zones, all maximal solutions are dened on all of R. The following two
propositions haraterize their types, and it is important to note that the types
of zones are determined by the types of their boundaries.
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Proposition 2.11. Trajetories in a zone Z that ontains an equilibrium point
are periodi, and the equilibrium point is a enter. In this ase Z is alled a
enter zone. The boundary of a enter zone onsists of one or several homolini
separatries and the point at innity.
Proof. See [DES℄ and, for instane, [Nee94℄.
Otherwise, a zone does not ontain an equilibrium point in its interior and
has at least one equilibrium point on the boundary ∂Z. In suh a zone, eah
solution has an α-limit point ζα and an ω-limit point ζω [DES℄.
Proposition 2.12 (From Chapter I in [DES℄). Trajetories in a zone that does
not ontain equilibrium points have a ommon α-limit point ζα and a ommon
ω-limit point ζω. From this, one an dedue two types of zones not having an
equilibrium point in its interior.
1. There are exatly two equilibrium points on ∂Z, i.e. ζα 6= ζω. In this ase,
Z is alled an αω-zone and is of four subtypes:
 Z = B (ζα)∩B (ζω), where ζα and ζω are a soure and a sink respe-
tively.
 Z = B (ζα) ∩ Bω (ζω), where ζα and ζω are a soure and a multiple
equilibrium point respetively. In this ase, Z is alled an attrating
interpetal for ζω.
 Z = Bα (ζα) ∩ B (ζω), where ζα and ζω are a multiple equilibrium
point and a sink respetively. In this ase, Z is alled a repelling
interpetal for ζα.
 Z = Bα (ζα) ∩ Bω (ζω), where ζα and ζω are both multiple equilib-
rium points. In this ase, Z is a repelling interpetal for ζα and an
attrating interpetal for ζω.
The boundary ∂Z ontains one or two inoming separatries and one or
two outgoing separatries, and possibly one or several homolini separa-
tries.
2. There is exatly one equilibrium point on ∂Z, i.e. ζα = ζω. This ase
orresponds neessarily to a multiple equilibrium point:
 Z = Bα (ζ)∩Bω (ζ) and is alled a sepal zone or just sepal. There are
exatly 2m−2 sepals orresponding to a multiple equilibrium point of
multipliity m (see [DES℄ for details).
The boundary ∂Z ontains exatly one inoming and one outgoing sepa-
ratrix and posssibly one or several homolini separatries.
The point at innity is a boundary point for eah zone. Within eah zone,
there are one or several aesses to innity.
Denition 2.13. The 2d − 2 ends at innity are the prinipal points of the
(2d− 2) prime ends at innity, dened by the aesses to innity, where prime
end is in the sense of Carathéodory.
The ends eℓ are numbered aording to their aessibility; the end eℓ has
aess between the separatries sℓ−1 and sℓ.
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Figure 1: An example of the trajetories of a moni and entered polynomial
vetor eld with a ounter-lokwise enter zone having three homolini sepa-
ratries s5,0, s1,2, and s3,4 and three odd ends e1, e3, and e5 on the boundary.
Proposition 2.14 (Charaterization of the ends on the boundary of zones).
• If a enter zone Z has n homolini separatries on the boundary ∂Z,
then the enter zone has n ends at innity on ∂Z. The ends are all odd
if the enter zone is to the left of the oriented homolini separatries
and all even if the enter zone is to the right. In these ases, the zones
are alled ounter-lokwise and lokwise (or sometimes odd and even)
enter zones respetively (see Figure 1).
• If a sepal zone Z has n homolini separatries on the boundary ∂Z, then
the sepal zone has n + 1 ends at innity on ∂Z. They are all odd if the
sepal zone is to the left of the oriented homolini separatries and all even
if the sepal zone is to the right. In these ases, the zones are alled odd
and even sepal zones respetively (see Figure 2).
• If an αω-zone Z is both on the left of n+ homolini separartries on ∂Z
and on the right of n− homolini separatries on ∂Z, then the αω-zone
has n++1 odd ends and n−+1 even ends on its boundary ∂Z (see Figure
3).
Remark 2.15 (Notation). When we want to distinguish between the dierent
types of zones, we denote an αω-zone by Zαω, a enter zone by Zc, and a sepal
zone by Zs.
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Figure 2: An example of the trajetories of a moni and entered polynomial
vetor eld with one odd sepal zone with one end e5 on the boundary and one
even sepal zone with three homolini separatries s1,0, s3,2, and s7,6 and four
even ends e0, e2, e4, and e6 on the boundary.
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Figure 3: An example of the trajetories of a moni and entered polynomial
vetor eld with an αω-zone Zαω3,0 having one lokwise homolini separatrix
s1,2, two ounter-lokwise homolini separatries s5,4 and s7,6, two odd ends
e1 and e3, and three even ends e0, e4, and e6 on the boundary.
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2.1 Numbering onventions
We now want to be able to label the homolini separatries and zones with an
index that ontains some ombinatorial information. There are several ways to
do this, but we use the following onventions.
Let hP ≥ 0 be the number of homolini separatries for ξP , and let k be the
uniquely determined odd number so that s = sk,j . We number the homolini
separatries by sk1,j1 , . . . , skhP ,jhP suh that
0 < k1 < · · · < khP ≤ 2d− 3. (6)
Let Zαω be an αω-zone for ξP . From Theorem 2.12, we know that Z
αω
has at least one inoming (even) landing separatrix and at least one outgoing
(odd) landing separatrix on ∂Zαω. We label Zαωk,j by the landing separatrix sk
outgoing from the odd end ek and the landing separatrix sj inoming to the
even end ej on ∂Z
αω
. Let sP ≥ 0 be the number of αω-zones. We number the
zones Zαωk1,j1 , . . . , Z
αω
ksP ,jsP
orresponding to
0 ≤ j1 < · · · < jsP < 2d− 3. (7)
We label an odd sepal-zone for ξP by Z
s
k, where sk is the unique odd landing
separatrix on the boundary. Let n+s be the number of odd sepal-zones. We
number the zones Zsk1 , . . . , Z
s
k
n
+
s
orresponding to
0 < k1 < · · · < kn+s ≤ 2d− 3. (8)
We label an even sepal-zone for ξP by Z
s
j , where sj is the unique even
landing separatrix on the boundary. Let n−s be the number of even sepal-zones.
We number the zones Zsj1 , . . . , Z
s
j
n
−
s
orresponding to
0 ≤ j1 < · · · < jn−s < 2d− 3. (9)
We label an odd enter-zone for ξP by Z
c
k, where k is the smallest odd index
of the homolini separatries on the boundary. Let n+c be the number of odd
enter-zones. We number the zones Zck1 , . . . , Z
c
k
n
+
c
orresponding to
0 < k1 < · · · < kn+c ≤ 2d− 3. (10)
We label an even enter-zone for ξP by Z
c
j , where j is the smallest even index
of the homolini separatries on the boundary. Let n−c be the number of even
enter-zones. We number the zones Zcj1 , . . . , Z
c
j
n
−
c
orresponding to
0 ≤ j1 < · · · < jn−c < 2d− 3. (11)
Theorem 2.16 (from [DES℄). For a given vetor eld ξP ∈ Ξd, there exist
holomorphi isomorphisms φ
• from eah αω-zone Zαωk,j to a horizontal strip Σk,j , where j is the index of
the separatrix sj desribed above whose image is on the upper boundary of
the strip Σk,j and k is the index of the separatrix sk desribed above whose
image is on the lower boundary (see Figure 13).
9
• from eah odd sepal zone Zsk to an upper half plane Hk and from eah even
sepal zone Zsj to a lower half plane −Hj,
• and from eah enter zone minus the urve γe, whih is orthogonal to
the periodi trajetories in Zc and joins the enter ζ and ∞ through the
aess dening e, to a vertial half-strip C. For an odd enter zone, φ maps
Zck \ γek to an upper vertial half-strip Ck = {z ∈ H | 0 < ℜ (z) < τ},
and for an even enter zone, φ maps Zcj \ γej to a lower vertial half-strip
Cj = {z ∈ −H | 0 < ℜ (z) < τ}, where τ is the period of the periodi
trajetories,
suh that these isomorphisms onjugate ξP to
d
dz .
These isomorphisms take the form
φ (z) =
∫ z
e
dw
P (w)
, (12)
where e is one of the ends at innity on the boundary of the zone.
Remark 2.17. The Zαω, Zs, and Zc \ γe are simply onneted. Therefore,
the integral in (12) is path independent and the funtion φ is well-dened up
to addtion by a onstant when the end e is hanged. The funtion φ is atually
well-dened in any simply onneted domain whih avoids the roots of P .
We then have
φ∗ (ξP ) = φ
′ (z)P (z)
d
dz
=
d
dz
. (13)
Denition 2.18. The isomorphisms φ are alled retifying oordinates of (C, ξP ).
We elaborate on the struture of the retied zones ±Hℓ, Σk,j , and Cℓ.
• For an αω-zone Zαω, a branh of φ is hosen suh that e := ek0 is one
of the odd ends on its boundary. Thus, φk0 : ek0 7→ 0, and further all
of the odd ends on ∂Zαω are mapped to R. Any homolini separatries
on ∂Zαω onneting two odd ends on ∂Zαω are also mapped to R. The
one separatrix on ∂Zαω inoming to an odd end and the one separatrix
on ∂Zαω outgoing from an odd end are also mapped to R. All even ends,
homolini separatries onneting two even ends, and the separatries
inoming to and outgoing from an even end on ∂Zαω have their images
on R+ ih, where h is the height of the strip.
• For an odd sepal zone Zsk, a branh of φ is hosen suh that e := ek0 is
one of the odd ends on its boundary. Thus, φk0 : ek0 7→ 0, φk0 : Zsk → Hk,
and further all of the odd ends, all homolini separatries, and the two
landing separatries on ∂Zs are mapped to R.
• For an even sepal zone Zsj , a branh of φ is hosen suh that e := ej0 is one
of the even ends on its boundary. Thus, φj0 : ej0 7→ 0, φj0 : Zsj → −Hj,
and further all of the even ends, all homolini separatries, and the two
landing separatries on ∂Zs are mapped to R.
• For an odd enter zone Zck ontaining a enter ζ, a branh of φ is hosen
suh that e := ek0 is one of the odd ends on its boundary. Thus, φk0 :
ek0 7→ 0, φk0 : Zc \ γek0 → Ck0 , and further all of the odd ends and all
homolini separatries on ∂Zck are mapped to R.
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• For an even enter zone Zcj , a branh of φ is hosen suh that e := ej0 is one
of the even ends on its boundary. Thus, φj0 : ej0 7→ 0, φj0 : Zc\γej0 → Cj0 ,
and further all of the even ends and all homolini separatries on ∂Zcj
are mapped to R.
The images of the ends eℓ and separatries sℓ under φ are worth distintion and
are denoted Eℓ and Sℓ respetively.
To eah αω-zone are assoiated spei urves joining the odd ends to the
even ends. It will beome lear in the next setion that these urves are om-
plementary to homolini separatries in more ways than one. The denition
follows.
Denition 2.19 (Transversals). A transversal Tk,j of ξP is a urve joining the
ends ek and ej , suh that it does not ross any separatries and rosses the
trajetories of ξP at a onstant, non-zero angle.
In retifying oordinates, the images of the transversals are the straight line
segments joining the Ek to the Ej in a strip.
3 Combinatorial Data Set for ξP
The goal of this setion is to dene a ombinatorial data set whih ompletely
desribes the topologial struture of a vetor eld ξP ∈ Ξd.
The separatries of ξP are labeled by the integers {0, . . . , 2d − 3} or by
elements of Z/ (2d− 2) where 0, . . . , 2d− 3 are our preferred representatives.
The struture of the separatrix graph ΓP is reeted in an equivalene re-
lation ∼P on Z/ (2d− 2), to be dened below. Suh equivalene relations have
ertain properties that we synthesize into the deniton of a ombinatorial data
set of degree d to be dened in Denition 3.18.
Any ξP ∈ Ξd gives rise to a ombinatorial data set of degree d, and we will
prove in Setions 6-10 that any ombinatorial data set is realized by polynomial
vetor elds from Ξd. To a given ombinatorial data set of degree d is therefore
assoiated a ombinatorial lass of polynomial vetor elds, i.e. all ξP realizing
the given ombinatorial data set.
A ombinatorial data set is also alled a ombinatorial invariant.
Denition 3.1. Let ξP ∈ Ξd be given. Then the equivalene relation ∼P and
the marked set HP on Z/ (2d− 2) are dened as follows:
1. HP ⊂ Z/ (2d− 2) is the subset dened by
ℓ ∈ HP ⇔ sℓ is a homolini separatrix of ξP
2. The equivalene relation ∼P on Z/ (2d− 2) is dened by
If ℓ′, ℓ′′ ∈ HP , then ℓ′ ∼P ℓ′′ ⇔ sℓ′ = sℓ′′ .
If ℓ′, ℓ′′ /∈ HP , then ℓ′ ∼P ℓ′′ ⇔ the separatries sℓ′ and sℓ′′ of ξP land
at the same point in C.
Remark 3.2 (Remark and Notation). It is onvenient to use LP to name the
omplement of HP : the set of ℓ suh that sℓ lands in C.
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We sometimes represent LP and HP by a symboli disk representation (see
Figure 4) where we draw the asymptoti diretions of the separatries on S1 and
draw in urves with arrows representing the separatries. We also add points
orresponding to equilibrium points and sometimes transversals.
For ξP given and [ℓ] ⊆ LP an equivalene lass of ∼P , the equilibrium point
whih is the ommon landing point of sℓ′ for ℓ
′ ∈ [ℓ] is denoted ζ[ℓ] (ξP ) or ζ[ℓ]
when the vetor eld is lear from the ontext.
Denition 3.3. For ξP given, an equivalene lass [ℓ] ⊆ LP is alled odd, even,
or mixed if and only if it onsists respetively of only odd elements, only even
elements, or both odd and even elements (denoted respetively by [k], [j], and
[m]). An equivalene lass [ℓ] ⊆ HP onsists of exatly two integers, one even
and one odd and is alled homolini.
Note that ∼P has one equivalene lass if and only if P (z) = zd.
Remark 3.4 (Notation). We use I = [ℓ′, ℓ′′] to denote the interval in Z/ (2d− 2)
onsisting of all the elements ℓ′, ℓ′+1, . . . , ℓ′′−1, ℓ′′ (i.e. in the ounter-lokwise
diretion). With the preferred representatives 0, . . . , 2d−3, it is possible to have
ℓ′′ < ℓ′, in whih ase 0 ∈ I.
Denition 3.5. We dene the shift map σ : Z/ (2d− 2) → Z/ (2d− 2) for
HP ∪ LP so that it is a bijetion on eah equivalene lass [ℓ] and dened
by σ (ℓ) giving the next label in the equivalene lass in the ounter-lokwise
diretion and σ−1 (ℓ) giving the next in the lokwise diretion with respet to
the asymptoti diretions δℓ.
The mapping σ is an involution on HP , i.e. for k ∈ HP , k ∼P j, σ (k) = j
and σ (j) = k.
Remark 3.6 (Notation). For an equivalene lass [ℓ] ⊂ LP , we denote by p[ℓ]
the number of parity hanges
p[ℓ] =


0 if [ℓ] = [k] or [j]∑
ℓ′∈[m]
2
(⌊
σ(ℓ′)−ℓ′
2
⌋
− σ(ℓ
′)−ℓ′
2
)
if [ℓ] = [m]
. (14)
That is, we ount eah time σ(ℓ′)− ℓ′ is odd.
The number p[ℓ] of parity hanges (orresponding to the number of sepals
for ζ[ℓ]) is always even, and the number of times there is a hange from odd to
even is equal to the number of hanges from even to odd.
For ∼P ,
∑
[ℓ]⊆LP
p[ℓ] orresponds to the total number of sepals for the vetor
eld. For ∼P and [m] a mixed equivalene lass, the number of interpetals
(reall Proposition 2.12) is equal to the number of times the parity does not
hange, i.e. when σ (ℓ) − ℓ, ℓ ∈ [m] is even. The interpetal is attrating when
two adjaent elements in [m] are odd, and the interpetal is repelling when two
adjaent elements are even.
Denition 3.7 (Non-rossing equivalene relation). An equivalene relation
∼ is non-rossing if and only if, for any equivalene lasses [ℓ] with arbitrary
ℓ′, ℓ′′ ∈ [ℓ], any other equivalene lass [ℓ˜] is ontained in either [ℓ′ + 1, ℓ′′ − 1]
or [ℓ′′ + 1, ℓ′ − 1].
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Note that the equivalene relation ∼P assoiated to a vetor eld ξP is non-
rossing sine the separatries of ξP are non-rossing.
Important strutures indued by the equivalene relation on HP are HP -
hains.
Denition 3.8. A set {[kiq ]} ⊆ HP of n ≥ 1 distint equivalene lasses suh
that {iq | q = 1, . . . , n} ⊆ {1, . . . , hP } forms a ounter-lokwise losed HP -
hain of length n if
kiq = σ
(
kiq−1
)
+ 1, q = 2, . . . , n
ki1 = σ (kin) + 1 (15)
or forms a lokwise losed HP -hain of length n if for jiq = σ
(
kiq
)
jiq = σ
(
jiq−1
)
+ 1, q = 2, . . . , n
ji1 = σ (jin) + 1 (16)
Denition 3.9. A set {[kiq ]} ⊆ HP of n ≥ 0 distint equivalene lasses suh
that {iq | q = 1, . . . , n} ⊆ {1, . . . , hP } forms a ounter-lokwise open HP -hain
of length n if for jiq = σ
(
kiq
)
kiq = σ
(
kiq−1
)
+ 1, q = 2, . . . , n
ki1 − 1, σ (kin) + 1 /∈ HP (17)
or forms a lokwise open HP -hain of length n if
jiq = σ
(
jiq−1
)
+ 1, q = 2, . . . , n
ji1 − 1, σ (jin) + 1 /∈ HP . (18)
Note that any equivalene lass {k, j} ⊆ HP is part of a unique ounter-
lokwise (open or losed) HP -hain and of a unique lokwise (open or losed)
HP -hain.
The HP -hains are natural strutures if one looks at the boundary ompo-
nents of the retied zones.
The homolini separatries orresponding to a losed ounter-lokwise
(lokwise) HP -hain form the boundary in C of a ounter-lokwise (lokwise)
enter zone (see Figure 4). In retifying oordinates, the homolini separatries
lie on the lower (upper) boundary of the vertial half-strip. The separatries
orresponding to an open ounter-lokwise (lokwise) HP -hain are part of
the boundary in C of an odd (even) sepal zone or an αω-zone (see Figure 5).
In retifying oordinates, the separatries lie on the lower (upper) boundary of
the half-plane or the strip.
Let H{[ki1 ]} denote a ounter-lokwiseHP -hain and H{[ji1 ]} be a lokwise
HP -hain, where it will be speied whether it is open or losed when needed.
We label the length n{[ℓi1 ]} by the hain it is assoiated to, but we sometimes use
only n+ or n− for ounter-lokwise and lokwise respetively, or sometimes n
for ease in notation when the ontext is lear.
Complementary to theHP -hains are the strutures indued by the transver-
sals. Let
TP = {(k, σ (k − 1)) | σ (k − 1)−(k−1) ∈ 2Z}∪{(σ (j − 1) , j) | σ (j − 1)−(j−1) ∈ 2Z}.
(19)
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Figure 4: Example of a disk representation for some ξP ∈ Ξ6 ontaining one
ounter-lokwise losed HP -hain H{[5]}, one lokwise losed HP -hain H{[0]},
and two ounter-lokwise open HP -hains H{[3]} and H{[9]}.
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s7,8
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e1
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Figure 5: Example of a disk representation for some ξP ∈ Ξ7 ontaining one
ounter-lokwise open Hp-hain H{[5]}, one lokwise open HP -hain H{[2]},
and two lokwise open TP -hains T{[1]} and T{[11]}.
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Denition 3.10. The essential transversals are the transversals Tk,j suh that
(k, j) ∈ TP . Any other transversal will be alled a non-essential transversal (see
Figure 9).
Remark 3.11. Note that in an αω-zone Zαωk,j , the essential transversals are the
transversals Tσ−1(j)+1,j and Tk,σ−1(k) (see Figure 9). Note that Tσ−1(j)+1,j =
Tk,σ−1(k) if and only if there are no homolini separatries on the boundary of
Zαωk,j .
The strutures omplementary to the HP -hains are based on these essential
transversals and are alled transversal hains or TP -hains, dened below.
Denition 3.12. A set of n ≥ 1 distint transversals Tki,ji suh that (ki, ji) ∈
TP , i = 1, ..., n, form a ounter-lokwise losed TP -hain of length n if
ki = ji−1 + 1, i = 2, ..., n
k1 = jn + 1 (20)
or forms a lokwise losed TP -hain of length n if
ji = ki−1 + 1, i = 2, ..., n
j1 = kn + 1 (21)
Denition 3.13. A set of n ≥ 1 distint transversals Tki,ji suh that (ki, ji) ∈
TP , i = 1, ..., n, form a ounter-lokwise open TP -hain of length n if
ki = ji−1 + 1, i = 2, ..., n
(·, k1 − 1) ∩ TP = ∅, and (jn + 1, ·) ∩ TP = ∅ (22)
or forms a lokwise open TP -hain of length n if
ji = ki−1 + 1, i = 2, ..., n
(j1 − 1, ·) ∩ TP = ∅, and (·, kn + 1) ∩ TP = ∅ (23)
If an equilibrium point is ontained in a omponent of C\{Tk,j | (k, j) ∈ TP }
having a ounter-lokwise losed TP -hain on the boundary, it is a soure. If
an equilibrium point is ontained in a omponent having a lokwise losed TP -
hain on the boundary, it is a sink (see Figure 9). So to eah losed TP -hain is
an assoiated equivalene lass [ℓ] orresponding to the equilibrium point ζ[ℓ],
even for ounter-lokwise, odd for lokwise. When a multiple equilibrium
point has an interpetal (whih is true in all but the ase P (z) = zd), then there
will be open TP -hains on the boundary. Let T{[ki1 ]} denote a ounter-lokwise
TP -hain and T{[ji1 ]} be a lokwise TP -hain, where it will be speied whether
it is open or losed when needed (see Figures 6, 7, and 8). We label the length
as for the HP -hains.
For a multiple equilibrium point, there are some open HP -hains together
with some open TP -hains that form the boundary of a domain ontaining all
(and only) the separatries landing at the multiple equilibrium point (see Figure
5).
The set Z/ (2d− 2) has a natural geometri representation as the marked
points (later alled division points) δℓ = exp
(
2πiℓ
2d−2
)
on the unit irle S
1
. For
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Figure 6: Example of a disk representation of a vetor eld ξP of degree d = 5
having neither multiple equilibrium points nor homolini separatries. The
transversals are all essential and represented by the dashed lines, and their
orientations are denoted by the arrows. Figures 7 and 8 depit the orresponding
transversal hains in retifying oordinates.
E3
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S2
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S3
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S1
T3,0
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S0
T1,2
T5,4
T7,6
E1
E6
E4
Figure 7: Depition of the lokwise transversal hains (oriented line segments)
T{[3]} and T{[1]} in retifying oordinates for the ombinatorial invariant depited
in Figure 6.
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T3,0
Figure 8: Depition of the ounter-lokwise transversal hains (oriented line
segments) T{[0]}, T{[4]}, and T{[6]} in retifying oordinates for the ombinatorial
invariant depited in Figure 6.
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Figure 9: Example of a disk representation of a ξP ∈ Ξ7 that ontains two
ounter-lokwise losed TP -hains T{[0]} and T{[4]}; three lokwise losed TP -
hains T{[1]}, T{[5]}, and T{[7]}; one ounter-lokwise open HP -hain H{[9]};
and one lokwise open HP -hain H{[2]}. The essential transversals are the grey
dashed urves and the non-essential transversals are the blak dashed urves.
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any equivalene relation ∼ on Z/ (2d− 2) and any equivalene lass [ℓ], we let
[ℓ]
D
denote the onvex hull of the equivalene lass [ℓ] in the Poinaré metri in
D, i.e. the smallest onvex losed subset of D ontaining the geodesis joining
δℓ′ and δℓ′′ for any ℓ
′, ℓ′′ ∈ [ℓ] (see Figure 10).
In light of this representation in the disk, we give the following alternative
denition of a non-rossing equivalene relation (ompare with Denition 3.7).
Denition 3.14 (Non-rossing equivalene relation). An equivalene relation
∼ on Z/ (2d− 2) is alled non-rossing if and only if for any pair of distint
equivalene lasses [ℓ1] and [ℓ2], the orresponding onvex hulls [ℓ1]D and [ℓ2]D
are disjoint.
Denition 3.15 (The disk model assoiated to ∼). Let ∼ be any non-rossing
equivalene relation on Z/ (2d− 2). The onneted omponents of
D \
⋃
ℓ∈Z/(2d−2)
[ℓ]
D
(24)
are alled ells. The boundary in D of a ell onsists of some geodesis onneting
δℓ′ and δℓ′′ for ℓ
′ ∼ ℓ′′, some marked points δℓ, and some ars in S1 between
marked points. The ar on S1 between δℓ−1 and δℓ is denoted ǫℓ and referred
to as an end in the disk model for ∼. Every end is on the boundary of exatly
one ell.
We use a similar onvention when drawing the transversals in the disk model.
For a transversal Tk,j , we join the midpoint of the ar ǫk to the midpoint of the
ar ǫj by the geodesi in the Poinaré metri.
Remark 3.16. Note that the onvex hulls orresponding to the equivalene
lass for ∼P drawn in the same disk as the transversals aording to the above
onvention are also non-rossing.
For a vetor eld ξP ∈ Ξd, the ells in the disk model are in one-to-one orre-
spondene with the zones of ξP . We formulate this in the following proposition
by giving natural names to the ells and haraterizing the dierent types.
Proposition 3.17. Let ξP ∈ Ξd be given and let (∼P , HP ) be dened as in
denition 3.1 The disk model of ∼P an have up to ve dierent types of ells
alled an αω-ell, an odd or even sepal ell, and an odd or even enter ell (see
Figure 10). The ells are haraterized as follows:
• A ell is an αω-ell ⇔ its boundary in D is assoiated with one ounter-
lokwise open HP -hain H{[ki1 ]} of length n
+ ≥ 0 and the orresponding
ki1 − 1, σ
(
ki
n+
)
+1 /∈ HP ; one lokwise open HP -hain H{[ji1 ]} of length
n− ≥ 0 and the orresponding ji1−1, σ
(
ji
n−
)
+1 /∈ HP ; the orresponding
division points δℓ, ℓ ∈ H{[ki1 ]}, H{[ji1 ]}; n++1 odd ends and n−+1 even
ends; and so that ki1 − 1 ∼P σ
(
ji
n−
)
+ 1 and σ
(
ki
n+
)
+ 1 ∼P ji1 − 1.
• A ell is an odd or an even sepal ell⇔ its boundary in D is assoiated with
one ounter-lokwise (resp. one lokwise) open HP -hain H{[ki1 ]} (resp.
H{[ji1 ]}) of length n ≥ 0 and the orresponding ki1 − 1, σ (kin) + 1 /∈ HP
(resp. ji1 − 1, σ (jin) + 1 /∈ HP ), the orresponding marked points δℓ,
ℓ ∈ H{[ki1 ]} (resp. ℓ ∈ H{[ji1 ]}), n+ 1 odd (resp. even) ends, and so that
ki1 − 1 ∼P σ (kin) + 1 (resp. ji1 − 1 ∼P σ (jin) + 1).
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Figure 10: Example of a disk model for d = 9 and the dier-
ent types of ells that an our for the equivalene lasses H =
{{3, 4}, {5, 6}, {9, 10}, {12, 15}, {13, 14}}, [0] = {0, 2}, [1] = {1}, and [7] =
{7, 8, 11}.
• A ell is an odd or an even enter ell ⇔ its boundary in D is assoiated
with one ounter-lokwise (resp. one lokwise) losed HP -hain H{[ki1 ]}
(resp. H{[ji1 ]}) of length n ≥ 1, the orresponding marked points δℓ, ℓ ∈
H{[ki1 ]} (resp. ℓ ∈ H{[ji1 ]}), and the n odd (resp. even) ends.
We now have enough notation in order to give the denition of a ombina-
torial data set of degree d.
Denition 3.18. A ombinatorial data set (∼, H) of degree d ≥ 2 onsists of
an equivalene relation ∼ on Z/ (2d− 2) and a marked subset H ⊂ Z/ (2d− 2)
satisfying:
1) ∼ is non-rossing.
2) If ℓ′ 6= ℓ′′, then ℓ′ ∼ ℓ′′ and ℓ′ ∈ H ⇔ ℓ′′ ∈ H and ℓ′ and ℓ′′ have dierent
parity.
3) Every ell in the disk-model realization of (∼, H) is one of the ve types:
an αω-ell, an odd or even sepal-ell, or an odd or even enter-ell har-
aterized as above.
Let Dd be the set of ombinatiorial data sets of degree d.
Remark 3.19. If H = ∅ and there are no mixed equivalene lasses so that
all ells are αω-ells, then the denition of a ombinatorial data set an be
formulated equivalently as a non-rossing pairing of even and odd ends. This is
the denition used in [DES℄.
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δ5
ǫ0
ǫ3
ǫ4
ǫ8
ǫ7 ǫ1
ǫ2
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ǫ6
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ǫ10
ǫ13
ǫ12
δ8
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δ0δ10
δ13
ǫ2 ∼ ǫ6 ǫ1
ǫ0ǫ11 ∼ ǫ13
δ4
ǫ4
ǫ3 ∼ ǫ5
δ3
δ1
δ8δ7
d = 8
d3 = 1
d2 = 2
ǫ7 ∼ ǫ9
d0 = 3
d1 = 2
Figure 11: Example of how a disk model an be deomposed by the equivalene
lasses in H = {{2, 5}, {6, 9}, {11, 12}} to h + 1 indued disk models where
H = ∅.
Remark 3.20 (Abstratiations). A denition of the dierent types of ells
for (∼, H) ∈ Dd is taken from Proposition 3.17 with (∼P , HP ) replaed by
(∼, H). The numbering onventions of the ells for (∼, H) ∈ Dd are likewise
analagous to those for zones in 2.1, with the appropriate replaement of terms.
The properties of the equivalene lasses, H-hains, and T -hains for (∼, H) ∈
Dd are ompletely analagous to the properties stated for (∼P , HP ).
For a given (∼, H) ∈ Dd, we let s = s (∼, H) denote the number of αω-ells
in the disk model of (∼, H), p = p (∼, H) denote the number of sepal-ells,
h = h (∼, H) = 12 |H | the number of equivalene lasses in H , and c (∼, H) =
n+c + n
−
c the number of losed H-hains.
We analyze the equivalene relation ∼ for a given (∼, H) ∈ Dd.
Remark 3.21. For (∼, H) ∈ Dd, if H 6= ∅, then |H |/2 = h and D \
⋃
[ℓ]⊆H
[ℓ]
D
onsists of h + 1 onneted omponents. By identifying division points δj and
δk where {j, k} = [k] ⊆ H and removing them (and hene identifying the ends
ǫk with ǫj+1 or ǫk+1 with ǫj), we obtain h+ 1 irles Si, i = 0, . . . , h, eah with
an even number 2di− 2 (possibly 0) of division points adding up to 2d− 2− 2h.
Let Li = {ℓ ∈ L | δℓ ∈ Si} and [ℓ′, ℓ′′]Li = [ℓ′, ℓ′′] ∩ Li. Eah Di arries an
indued equivalene relation ∼i. A onneted omponent in D \
⋃
[ℓ]⊆H
[ℓ]
D
is a
enter ell if and only if there are no further division points on the boundary
of the orresponding Di, i.e. di = 1, where the [ℓ] ⊆ H on the boundary of the
omponent form a losed H-hain. The remaining irles satisfy the following
properties outlined in Propositions 3.22 and 3.23 for a ombinatorial data set
without homolini separatries (see Figure 11).
Proposition 3.22. Suppose (∼, H) ∈ Dd with H = ∅. The equivalene relation
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∼ on L = Z/ (2d− 2) has
q = d− 1
2
∑
[ℓ]⊆L
p[ℓ] (25)
equivalene lasses.
Proof. There are two possible types of zones: αω-zones with two ends, and sepal
zones with one end eah. By omparing the number of ends, we get the relation
2 (d− 1) = 2s (∼, H) + p (∼, H) . (26)
Note that if s (∼, H) = 0, then ∼ neessarily has only one equivalene lass.
Assume that ∼ has more than one equivalene lass, so that s (∼, H) > 0. The
transversals in the αω-ells divide D into s (∼, H) + 1 subsets, orresponding
to the s (∼, H) + 1 equivalene lasses. One an see this by noting eah subset
must orrespond to at least one equivalene lass sine there will be at least one
division point on the boundary of the subset, and there annot be more than
one equivalene lass, sine then there would exist a ell with more than two
ends on the boundary. Therefore, ∼ has
q = s (∼, H) + 1 = d− 1
2
∑
[ℓ]⊆L
p[ℓ], (27)
equivalene lasses sine p (∼, H) = ∑
[ℓ]⊆L
p[ℓ].
Proposition 3.23. Suppose (∼, H) ∈ Dd with H = ∅, and ∼ has more than
one equivalene lass. For eah αω-ell, the assoiated transversal Tk,j divides
the disk model into two onneted omponents Uk and Uj, numbered so that
δi ∈ ∂Ui, i = k, j. Correspondingly, L = Z/ (2d− 2) is divided into two disjoint
subsets Ik and Ij where ℓ ∈ Ii ⇔ δℓ ∈ ∂Ui. Dene di by |Ii| = (2di − 2) + 1,
sine |Ii| is odd. Then the number of equivalene lasses in Ii is
qi = di − 1
2
∑
[ℓ]⊆Ii
p[ℓ], i = k, j. (28)
Proof. Sine we assumed ∼ has more than one equivalene lass, there is always
at least one αω-ell. Choose an αω-ell, say the one with transversal Tk,j . It
follows that k ∼ j − 1 and j ∼ k − 1. Sine ∼ is non-rossing, ∼ indues an
equivalene relation ∼k on Ik = [k, j − 1] and ∼j on Ij = [j, k − 1] by{
ℓ′, ℓ′′ ∈ Ik : ℓ′ ∼k ℓ′′
ℓ′, ℓ′′ ∈ Ij : ℓ′ ∼j ℓ′′
⇔ ℓ′ ∼ ℓ′′. (29)
We think of δk as being identied with δj−1 in Ik, and we think of δj as being
identied with δk−1 in Ij . In the indued irles Sk and Sj , the number of ends
is even: j − 1− k (mod 2d− 2) in Sk and k − 1− j (mod 2d− 2) in Sj .
By omparing the number of ends, we must have
j − 1− k (mod 2d− 2) = 2 (ks (∼, H)) + kp (∼, H)
k − 1− j (mod 2d− 2) = 2 (js (∼, H)) + jp (∼, H) , (30)
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where is (∼, H) and ip (∼, H), are the number of αω-ells and sepal ells for Ii
respetively, i = k, j. The number of equivalene lasses for Ii is qi = is (∼, H)+
1, i = k, j. From these relations, one an dedue that the equivalene relation
on Ii indues
qi = di − 1
2
∑
[ℓ]⊆Ii
p[ℓ] (31)
equivalene lasses.
Below are presented some properties of equivalene relations and marked
subsetsH satisfying 1) and 2) in Denition 3.18. These deomposition properties
will prove to be equivalent with 3) in Denition 3.18.
Denition 3.24 (Deomposition Properties). Let ∼ be an equivalene relation
on Z/ (2d− 2) and H ⊆ Z/ (2d− 2) a marked subset satisfying 1) and 2) in
Denition 3.18. The equivalene relation ∼ together with H is said to satisfy
the deomposition properties if the following onditions hold.
i. Let h = |H |/2 (possibly 0). Then in eah of the h+ 1 onneted ompo-
nents Di of D \
⋃
[ℓ]⊆H
[ℓ]
D
in the disk model, where we dene di by setting
2di − 2 equal to the number of division points, there are exatly
di − 1
2
∑
[ℓ]⊆Li
p[ℓ], i = 0, . . . , h (32)
equivalene lasses in that omponent if di > 1, and no equivalene lasses
in a omponent where di = 1.
ii. For every partition I0 = [ℓ0, ℓ1] and I1 = [ℓ1+1, ℓ0− 1] of the equivalene
lasses of ∼ with |I0| and |I1| odd (i.e. ℓ0 and ℓ1 of the same parity), then
I0 has
ℓ1 − ℓ0 + 2
2
− 1
2
∑
[ℓ]⊆I0
p[ℓ] (33)
equivalene lasses and I1 has
2d− 2 + ℓ0 − ℓ1
2
− 1
2
∑
[ℓ]⊆I1
p[ℓ] (34)
equivalene lasses.
iii. For every ℓ ∈ Li, σ (ℓ)− ℓ is either even or [ℓ + 1, σ (ℓ)− 1]Li = ∅.
We now show the above properties are equivalent with 3) in Denition 3.18,
given 1) and 2).
Theorem 3.25 (Charaterization of a ombinatorial data set (∼, H) ∈ Dd).
Let ∼ be an equivalene relation and a marked set H ⊆ Z/ (2d− 2) satisfying
1) and 2) in Denition 3.18. Then (∼, H) satises 3) in Denition 3.18 if and
only if (∼, H) has the deomposition properties in Denition 3.24.
We rst need a denition and several lemmas to prove this.
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Lemma 3.26.
(1) Given an equivalene relation ∼ on Z/ (2d− 2), d > 2 with H = ∅ satisfy-
ing property 1) in Denition 3.18 and the deomposition properties, there
exists some distint ℓ′ ∼ ℓ′′ of the same parity.
(2) For I = [ℓ+1, σ (ℓ)−1], if σ (ℓ)− ℓ > 2, then there exists some ℓ′ ∼ ℓ′′ ∈ I
of the same parity.
Proof by ontradition. Assume not. Then an equivalene lass an ontain at
most 2 elements: one even and one odd. Let n be the number of elements in
equivalene lasses by themselves.
(1) Note that n must neessarily be even. Then the number of equivalene
lasses is n+ 2(d−1)−n2 . Now by the rst ounting property, the number of
equivalene lasses should be equal to d− 12
∑
[ℓ]⊆L
p[ℓ] = d−
(
2(d−1)−n
2
)
=
2+n
2 , whih implies that d = 2.
(2) Note that n must neessarily be odd. Let 2s + 1 = σ (ℓ) − ℓ − 1 =
|I|. The number of equivalene lasses is n + 2s+1−n2 . By the seond
deomposition property, the number of equivalene lasses should be equal
to s+ 1− 12
∑
[ℓ]⊆I
p[ℓ] =
1+n
2 . This implies that s = 0 and σ (ℓ)− ℓ = 2.
Lemma 3.27. Given an equivalene relation ∼ on Z/ (2d− 2), d > 2, with
H = ∅ satisfying property 1) in Denition 3.18 and the deomposition properties,
there exists some ℓ suh that ℓ ∼ ℓ+ 2.
Proof. By Lemma 3.26, there exists some ℓ, σ (ℓ) of the same parity with σ (ℓ) ≥
ℓ + 2. If σ (ℓ) = ℓ + 2, then we are nished. If σ (ℓ) ≥ ℓ + 4, then we onsider
the integers I = [ℓ + 1, σ (ℓ) − 1]. Sine I is disjoint from [σ (ℓ) , ℓ], we an
use the seond deomposition property to onlude that they annot all be in
equivalene lasses by themselves. If all ℓ ∈ I are in the same equivalene
lass then we are again nished. If they are not all in the same equivalene
lass, then we an use Lemma 3.26 (2) to onlude that there must again exist
ℓ′ ∼ σ (ℓ′) ∈ I of the same parity with σ (ℓ′)− ℓ′ ≤ σ (ℓ)− ℓ− 2. Repeating this
proess forms nested subsets of integers, whose maximum dierene is stritly
dereasing and always even. Sine these are never empty, we must have the
laim fullled.
Denition 3.28. Given a non-rossing equivalene relation ∼ on Z/ (2d− 2),
d > 2, the basi partition with basepoint ℓ0 is the set of onseutive losed
intervals
[ℓ0, ℓ1]︸ ︷︷ ︸ [ℓ1 + 1, ℓ2]︸ ︷︷ ︸ . . . [ℓn−1 + 1, ℓn = ℓ0 + 2d− 3]︸ ︷︷ ︸
I0 I1 In−1
(35)
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suh that
ℓ0 ∼ ℓ1, ℓ1 ≁ ℓ ∈
n−1∑
i=1
Ii
ℓ1 + 1 ∼ ℓ2, ℓ2 ≁ ℓ ∈
n−1∑
i=2
Ii
.
.
.
ℓn−1 + 1 ∼ ℓn = ℓ0 + 2d− 3.
Lemma 3.29. Given an equivalene relation ∼ on Z/ (2d− 2), d > 2, with
H = ∅ satisfying property 1) in Denition 3.18 and the deomposition properties,
then for any ℓ0, the basi partition with basepoint ℓ0 onsists of exatly two
intervals if ℓ0 ≁ ℓ0 + 2d− 3 and one interval if ℓ0 ∼ ℓ0 + 2d− 3.
Proof. If ℓ0 ∼ (ℓ0 + 2d− 3), then I0 = [ℓ0, ℓ0+2d−3]. Suppose ℓ0 ≁ (ℓ0 + 2d− 3)
and let I0, . . . , In−1 be the basi partition with basepoint ℓ0. Note that ℓi+1 ∼
ℓi+1, i = 0, . . . , n−1, have the same parity by the third deomposition property,
and n ≥ 2. If eah Ii, i = 0, . . . , n− 1 gives rise to qi equivalene lasses, eah
having a total number of parity hanges∑
[ℓ]⊆Ii
p[ℓ], (36)
then we must have the relation
d−
k−1∑
i=0
qi =
k−1∑
i=0
1
2
∑
[ℓ]⊆Ii
p[ℓ]. (37)
We set
di :=
ℓi − ℓi−1 + 1
2
, i = 0, . . . , n− 1. (38)
Now eah Ii must satisfy the deomposition properties, so we further have the
relation
di − qi = 1
2
∑
[ℓ]⊆Ii
p[ℓ], (39)
and Equation (38) gives
2
n−1∑
i=0
di = n+ ℓn + 1 = 2d− 2 + n. (40)
Now (39) and (37) gives
k−1∑
i=0
di = d, (41)
so
2d = 2d− 2 + n, (42)
whih implies that n = 2.
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Lemma 3.30. Given an equivalene relation ∼ on Z/ (2d− 2), d > 2, with
H = ∅ satisfying property 1) in Denition 3.18 and the deomposition properties,
if [ℓ] ⊆ [ℓ0, ℓ1] and ℓ0, ℓ1 ∈ [ℓ], then ℓ0 − 1 ∼ ℓ1 + 1.
Proof. If ℓ1 = ℓ0 + 2d− 3, this is trivially true. If ℓ1 6= ℓ0 + 2d− 3, then ℓ0 and
ℓ1 have the same parity and I0 = [ℓ0, ℓ1] together with I1 = [ℓ1 + 1, ℓ0 + 2d− 3]
must be the basi partition with basepoint ℓ0. Hene, ℓ1 ∼ ℓ0 + 2d − 3 =
ℓ0 − 1 ( mod 2d− 2).
We are now ready to prove the theorem.
Proof of Theorem 3.25. We rst show that for (∼, H) ∈ Dd, the deomposition
properties hold.
Remark 3.21 and Proposition 3.22 imply property i., and the fat that a
sepal ell has only one end on its boundary when H = ∅ implies property iii..
Proposition 3.23 proves property ii. and nishes the rst half of the proof.
We now prove that if ∼ and H satisfy 1) and 2) from Denition 3.18 and
the deomposition properties, then (∼, H) ∈ Dd (i.e. 3) from 3.18 holds). That
is, we need to prove that we an only have ells of the types speied in 3).
If H 6= ∅, then the disk model is deomposed into h + 1 omponents Di with
assoiated di, i = 0, . . . , h. If di = 1, then the [ℓ] ⊆ H on ∂Di must neessarily
form a losed H-hain, orresponding to a enter ell (see Remark 3.21). It is
otherwise enough to onsider the ase H = ∅. An αω-ell exists when there is
one even end ǫj and one odd end ǫk on its boundary. A sepal-ell exists when
there is exatly one end on its boundary. We prove 3) by indution on d. It
is true for d = 2. Indeed, for d = 2, we have for H = ∅ either [0] = {0} and
[1] = {1} or [0] = {0, 1}. In the rst ase, ǫ0 and ǫ1 are the only ends on the
boundary of the same ell (i.e. an αω-ell). In the seond ase, ǫ0 and ǫ1 are eah
the only end on the boundary of dierent ells (i.e. sepal ells). Assume now
that there are only αω-ells with one odd and one even end on the boundary
and sepal ells with one end on the boundary for all d. Then for d + 1, we
have that some equivalene lass either ontains only one element or there is an
equivalene lass having at least three onseutive elements by Lemma 3.27. If
the rst ase, we an assume without loss of generality that [0] = {0}. Then we
know by Corollary 3.30 that 1 ∼ 2d−3 and hene ǫ0 and ǫ1 are on the boundary
of an αω-ell. If we identify δ1 and δ2d−3 and remove δ0, then we have a degree
d equivalene relation, whose indued equivalene relation on the ends has only
αω-ells and sepal ells by assumption. Hene, we again only have ells of the
desired types.
If the seond ase, then we an assume without loss of generality that
(2d− 3) ∼ 0 ∼ 1. Then the ends ǫ0 and ǫ1 are eah on the boundary of a
sepal ell. Again, we an identify δ1 and δ2d−3 and remove δ0, then we have a
degree d equivalene relation, whose indued equivalene relation on the ends
has only αω-ells and sepal ells by assumption. Hene, there must be only ells
of the desired type for all d ≥ 2.
4 Analyti Invariants
We have dened a ombinatorial invariant desribing the topologial properties
of any ξP ∈ Ξd. Our aim is to dene a set of analyti invariants desribing the
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geometri properties.
It seems natural to onsider the dynamial residues (dened below) of the
equilibrium points as analyti invariants, as these determine the loal normal
form of the vetor eld in a neighborhood of eah equilibrium point (see for
instane [BT76℄), but we will see that there is in fat a better hoie (see
Denition 4.4).
Denition 4.1 (Dynamial residues of ξP ). Let ζ be an arbitrary equilibrium
point of ξP , i.e. a root of P . Let γ be a simple, losed, oriented urve not in-
terseting any equilibrium points and winding ounter-lokwise around exatly
one equilibrium point ζ. Then the dynamial residue of ξP at ζ is dened as
ρ (ζ) =
∫
γ
dz
P (z)
= 2πiRes
(
1
P
, ζ
)
. (43)
Remark 4.2. Applying the usual formula for residues, we have
ρ (ζ) = 2πi lim
z→ζ
1
(m− 1)!
dm−1
dzm−1
[
(z − ζ)m 1
P (z)
]
(44)
if ζ is a multiple root of multipliity m. In partiular, if ζ is a simple root, then
ρ (ζ) =
2πi
P ′ (ζ)
. (45)
Note that we ould allow the above urve γ to be the pieewise smooth
(losed, but not simple) urve onsisting of TP -hains and HP -hains bounding
the equilibrium point and the separatries it reeives, together with the point
at innity (see Figure 12). More speially,
• For a enter, we let γ be the ounter-lokwise (or lokwise) HP -hain
on the boundary of its zone, together with {∞}.
• For a multiple equilibrium point ζ[m], we let
γ = {∞} ∪
⋃
σ(j)−j odd
H{[j+1]} ∪
⋃
σ(k)−k odd
H{[k+1]} ∪
⋃
σ(ℓ)−ℓ even
T{[ℓ+1]},
(46)
for j, k, ℓ ∈ [m].
• For a soure or sink ζ[ℓ], we let
γ = {∞} ∪ T{[ℓ+1]}. (47)
The point at innity does not ause any problems. The singularity for
dz
P (z) at
∞ is for d ≥ 2 a removable singularity, in partiular a zero for d > 2. Indeed,(−1
z2
)(
1
P
(
1
z
)
)
=
−zd−2
1 + ad−2z2 + · · ·+ a0zd . (48)
Remark 4.3. Sine the dynamial residues are simply sums of the integrals of
dz
P (z) over transversals and homolini separatries, it makes sense for these to
be the analyti invariants instead. However, if we onsidered integrals over all
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Figure 12: Depition of how γ might be made from a union of homolini
separatries (solid oriented urves) and transversals (dashed oriented urves).
Compare with Figure 5.
transversals, these would ontain superuous information if at least one of the
αω-zones has a homolini separatrix on the boundary, sine any integral over a
transversal is a sum of the integral over some other transversal and integrals over
appropriate homolini separatries. Therefore, for eah αω-zone, the integral
over only one transversal is needed to retain the same information.
We therefore hoose a onvention after the numbering of the zones (see
Subsetion 2.1) and state the denition.
Denition 4.4 (Denition of analyti invariants of ξP ). Let ξP ∈ Ξd be given.
1. The analyti invariant of an αω-zone Zαωk,j of ξP is dened as
α
(
Zαωk,j
)
=
∫ ej
ek
dz
P (z)
, (49)
where the integral is along any urve γZ in Z
αω
k,j onneting ek to ej (see
Figure 13).
2. The analyti invariant of a homolini separatrix sk,σ(k) of ξP is dened
as
τ
(
sk,σ(k)
)
=
∫
sk,σ(k)
dz
P (z)
. (50)
3. The total analyti invariant of ξP is
A (ξP ) = (α1 (ξP ) , . . . , αsP (ξP ) , τ1 (ξP ) , . . . , τhP (ξP )) , (51)
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Sk
Eσ(j−1)
Sk−1,σ(k−1)
Eσ(σ(j−1)−1)
Sσ−1(j) = Sσ(k−1)−1
Ej
Sj Sσ−1(k) = Sσ(σ(j−1)−1)−1
Σkj
Ek
Sσ(j−1)−1,σ(σ(j−1)−1)
Eσ(k−1)
Sj−1,σ(j−1)
Figure 13: The strip Σk,j assoiated to an αω-zone Z
αω
k,j . The transversals are
drawn in the strip where the solid blak lines are the essential transversals, the
solid grey line is the transversal dening the analyti invariant assoiated to
Zαωk,j , and the dashed lines are some other non-essential transversals.
where αi (ξP ) = α
(
Zαωki,ji
)
, i = 1, . . . , sP , and τi (ξP ) = τ
(
ski,σ(ki)
)
,
i = 1, . . . , hP .
Proposition 4.5 (from [DES℄). Let ξP ∈ Ξd be given.
1. For any αω-zone Z of ξP , the invariant α (Z) belongs to H and ℑ (α (Z))
is equal to the height of the horizontal strip desribed in Theorem 2.16.
2. For any homolini separatrix s of ξP , the invariant τ (s) belongs to R+.
Remark 4.6.
1. It follows from Proposition 4.5 that A (ξP ) ∈ HsP × RhP+ .
2. We may refer to the invariant α
(
Zαωk,j
)
as the omplex time it takes to
go from the end ek to the end ej in the αω-zone Z
αω
k,j (see [DES℄ or [BT07℄
for elaboration).
3. The invariant τ
(
sk,σ(k)
)
is the (real) time it takes to go along the ho-
molini separatrix sk,σ(k) from ∞ to ∞ in the diretion given by k to
σ (k).
Later, we will be interested in the sum of all analyti invariants assoiated
to an HP -hain. Therefore, we now dene
τ{[ki1 ]} (ξP ) =
n∑
ν=1
τiν (ξP ) , (52)
orresponding to the ounter-lokwise HP -hain H{[ki1 ]} of length n and
τ{[ji1 ]} (ξP ) =
n∑
ν=1
τiν (ξP ) , (53)
orresponding to the lokwise HP -hain H{[ji1 ]} of length n.
We will also often be interested in the integral of
dz
P (z) over an essential
transversal whih is a linear ombination of the analyti invariants assoiated to
28
a strip. For a strip Σk,j , the omplex time assoiated to the essential transversals
Tσ−1(j)+1,j and Tk,σ−1(k)+1 is dened as
α−i (j) = αi + τ{[σ−1(j)+1]} and (54)
α+i (k) = αi + τ{[σ−1(k)+1]} (55)
respetively.
Applying the Residue Theorem, we obtain the following relations between
the analyti invariants and the dynamial residues.
1. For an αω-zone Zαωk,j and for any urve γZ in Z
αω
k,j onneting ek to ej ,
α
(
Zαωk,j
)
=
∑
ζ left of γZ
ρ (ζ) . (56)
2. For a homolini separatrix s:
τ (s) =
∑
ζ left of s
ρ (ζ) . (57)
3. For a soure ζ[j]:
ρ
(
ζ[j]
)
=
∑
j′∈[j]
α−i (j
′). (58)
4. For a sink ζ[k]:
ρ
(
ζ[k]
)
=
∑
k′∈[k]
α+i (k
′) (59)
(see Remark 4.3 and Figure 13).
5. For a enter ζ:
ρ (ζ) = ±
∑
s⊂∂B(ζ)
τ (s) (60)
with + if ℑ (P ′ (ζ)) > 0 and − if ℑ (P ′ (ζ)) < 0 and where we sum
over all homolini separatries on the boundary of B (ζ), the basin of the
enter.
If there are q equilibrium points whih are not enters, having mulipliities mi,
i = 1, . . . , q, then sP and hP satisfy
sP + hP = d− 1− pP
2
. (61)
The number of equilibrium points inluding enters but not ounting multipli-
ity |P−1 (0) | = d− pP2 is equal to the number of dynamial residues, so we an
onlude from Equation (61) that the number of analyti invariants s + h is
always one less than the number of dynamial residues. The superuous infor-
mation in one of these dynamial residues is due to the fat that by entering,
the position of one of the roots is ompletely determined by the positions of the
others.
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Remark 4.7 (Abstratiations). The abstratiations of dynamial residue
and analyti invariant and the respetive numbering of these for (∼, H) ∈ Dd
are analagous to the denitions given for ξP ∈ Ξd, by replaing αi (ξP ) with
αi (∼, H), τi (ξP ) with τi (∼, H), HP and TP -hains with H and T -hains, and
ρ
(
ζ[ℓ]
)
with ρ[ℓ].
The analyti data sets assoiated to (∼, H) are all (s+h)-tuples in Hs×Rh+,
i.e.
A (∼, H) = Hs × Rh+. (62)
Denition 4.8. For any (∼, H) ∈ Dd and any A ∈ A (∼, H), we say that
ξP ∈ Ξd realizes (∼, H) and A if and only if (∼P , HP ) = (∼, H) (hene sP =
s and hP = h) and A (ξP ) = A.
5 Equivalene of Flows within a Combinatorial
Class
To every polynomial vetor eld ξP ∈ Ξd, we assoiate a ombinatorial invari-
ant and analyti invariants. This setion will show that vetor elds within a
ombinatorial lass have equivalent ows, and that a xed analyti invariant
within this lass an only orrespond to one vetor eld.
Let P1, P2 ∈ Pd. For simpliity, we use for i = 1, 2 the notation ξPi = ξi,
∼Pi=∼i, HPi = Hi, sPi = si, hPi = hi, et.
Theorem 5.1. The vetor elds assoiated with two polynomials P1 and P2
having the same ombinatorial data set, i.e. (∼1, H1) = (∼2, H2), have quasi-
onformally equivalent ows.
Proof. We will in several steps onstrut a quasi-onformal homeomorphism
ψ : C → C that makes the ows of ξ1 and ξ2 equivalent. In partiular, equi-
librium points of ξ1 are mapped to equilibrium points of ξ2 and separatries to
separatries, but the parameterization by time is not neessarily preserved but is
always pieewise linear (to be shown). The mapping ψ is onstruted suh that
the numbering of the separatries is preserved, in partiular ψ (s0 (ξ1)) = s0 (ξ2).
Sine (∼1, H1) = (∼2, H2), we have the same equivalene lasses in H :=
H1 = H2 and ∼:=∼1=∼2, the same number of zones of the dierent types, and
the same open and losed H-hains. We will onstrut
ψ : C \ (Γ1 ∪ γe (ξ1))→ C \ (Γ2 ∪ γe (ξ2)) , (63)
where the γe (ξi) are the urves removed from the enter zones for ξi as desribed
in Remark 2.17 together with the orresponding enter. The isomorphism ψ is
onstruted by mapping zones of ξ1 to zones of ξ2, respeting the dierent types
and numbering as follows.
For any ν = 1, . . . , n+c , let
ψ :
(
Zckν (ξ1) \ γekν (ξ1)
)
→
(
Zckν (ξ2) \ γekν (ξ2)
)
(64)
be equal to φ−12 ◦ A ◦ φ1 where φ1 and φ2 are the retifying oordinates from
Proposition 2.16 mapping the slied odd enter-zones
(
Zckν (ξi) \ γekν (ξi)
)
to
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the upper vertial half-strips Ckν (ξi), and let A : Ckν (ξ1) → Ckν (ξ2) be a
pieewise-ane mapping onstruted as follows. If the number of homolini
separatries on the boundaries of Ckν (ξi) is n, then for simpliity we renumber
the ends on the boundaries of the Ckν (ξi) from left to right
Ekν := Ek1 = 0 < Ek2 < · · · < Ekn < Ekn+1 = τ{[kν ]}, (65)
where Ekn+1 also represents Ek1 . We then deompose both Ckν (ξi) into n
vertial half-strips Cmkν (ξi), m = 1, . . . , n, where
Cmkν (ξi) =
{
z ∈ H | Ekm (ξi) ≤ ℜ(z) ≤ Ekm+1 (ξi)
}
. (66)
We dene Am on eah C
m
kν
(ξ1) so that[
τ
(
Skm,km+1−1(ξ1)
)
0
]
7→
[
τ
(
Skm,km+1−1(ξ2)
)
0
]
and
[
0
1
]
7→
[
0
1
]
,
(67)
so that the assoiated matrix Am beomes
Am =

 τ(Skm,km+1−1(ξ2))τ(Skm,km+1−1(ξ1)) 0
0 1

 , (68)
and
Am(x+ iy) =
τ
(
Skm,km+1−1(ξ2)
)
τ
(
Skm,km+1−1(ξ1)
)x+ iy + Tm, (69)
where Tm is the appropriate positive real onstant. It is similar for the even
enter zones.
For any ν = 1, . . . , 12p(∼, H), let
ψ : Zskν (ξ1)→ Zskν (ξ2) (70)
be equal to φ−12 ◦ A ◦ φ1 where φ1 and φ2 are the retifying oordinates from
Proposition 2.16 mapping the odd sepal zones Zskν (ξi) to the upper half-planes
Hkν (ξi), and A : Hkν (ξ1)→ Hkν (ξ2) is a pieewise-ane mapping onstruted
as follows. If the number of homolini separatries on the boundaries ofHkν (ξi)
is n, then for simpliity we renumber the n + 1 ends on the boundaries of the
Hkν (ξi) from left to right
Ekν := Ek1 = 0 < Ek1 < · · · < Ekn < Ekn+1 = τ{[kν ]}. (71)
We then deompose both Hkν (ξi) into n + 2 subsets H
m
kν
(ξi), m = 1, . . . , n,
where
H0kν (ξi) = {z ∈ H | −∞ < ℜ(z) ≤ Ek1 (ξi)} (72)
Hmkν (ξi) =
{
z ∈ H | Ekm (ξi) ≤ ℜ(z) ≤ Ekm+1 (ξi)
}
(73)
Hn+1kν (ξi) =
{
z ∈ H | Ekn+1 (ξi) ≤ ℜ(z) <∞
}
, (74)
We dene Am on eah H
m
kν
(ξ1) to be
A(x + iy) =


id for m = 0
Am(x+ iy) from Equation (69) for m = 1, . . . , n
id+ τ{[kν ]}(ξ2)− τ{[kν ]}(ξ1) for m = n+ 1
. (75)
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Σ0
kν ,jν
Σ1
kν ,jν
Σ4
kν ,jν
Σ3
kν ,jν
Σ2
kν ,jν
Σ5
kν ,jν
n− = 1
n+ = 3
Figure 14: Depition of a possible deomposition of Σkν ,jν into n+2 = 6 subsets
Σmkν ,jν , m = 0, . . . , 5. There is one triangle Σ
1
kν ,jν
that has an edge ontained in
the ounter-lokwise H-hain on the boundary, and there are three triangles
Σmkν ,jν , m = 2, . . . , 4 having an edge in the lokwise H-hain on the boundary.
It is similar for the even sepal zones.
For any ν = 1, . . . , s(∼, H), let
ψ : Zαωkν ,jν (ξ1)→ Zαωkν ,jν (ξ2) (76)
be equal to φ−12 ◦ A ◦ φ1 where φ1 and φ2 are the retifying oordinates from
Proposition 2.16 mapping the αω-zones Zαωkν ,jν (ξi) to the horizontal strips Σkν ,jν (ξi),
and A : Σkν ,jν (ξ1) → Σkν ,jν (ξ2) is a pieewise-ane mapping onstruted as
follows. If the number of homolini separatries on the upper boundary of
the Σkν ,jν (ξi) is n
−
and the number of homolini separatries on the lower
boundary of the Σkν ,jν (ξi) is n
+
, then we set n = n+ + n− and deompose the
Σkν ,jν (ξi) into n + 2 subsets Σ
m
kν ,jν
(ξi), m = 0, . . . , n + 1, where Σ
0
kν ,jν
is the
left most part of the strip bounded by the separatries Sjν and Sσ−1(jν ) and
the transversal Tσ−1(jν)+1,jν , and Σ
n+1
kν ,jν
(ξi) is the right most part of the strip
bounded by the separatries Skν and Sσ−1(kν) and the transversal Tσ−1(kν)+1,kν .
The rest of the Σkν ,jν (ξi) is divided into triangles. The triangles have 3 Eℓs as
verties (at least one even and odd) and two transversals and one homolini
separatrix as edges. There are several ways to do this, but the important thing
to demand is that the triangles must be disjoint (exept for possibly shared
edges) and over the area. There an be two types of triangles: one type with
an edge ontained in a lokwise H-hain and one type with an edge ontained
in a ounter-lokwiseH-hain (see Figure 14). We number these triangles from
left to right as Σmkν ,jν (ξi), m = 1, . . . , n. For simpliity of notation, let α1 be
the analyti invariant assoiated to Zαωkν ,jν (ξ1) and α2 the analyti invariant
assoiated to Zαωkν ,jν (ξ2). We dene A0 on Σ
0
kν ,jν
(ξ1) so that[
1
0
]
7→
[
1
0
]
and
[ ℜ(α−1 )
ℑ(α−1 )
]
7→
[ ℜ(α−2 )
ℑ(α−2 )
]
, (77)
and we dene An+1 on Σ
n+1
kν ,jν
(ξ1) so that[
1
0
]
7→
[
1
0
]
and
[ ℜ(α+1 )
ℑ(α+1 )
]
7→
[ ℜ(α+2 )
ℑ(α+2 )
]
, (78)
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so that
A =

 1 ℜ(α±2 −α±1 )ℑ(α±1 )
0
ℑ(α±2 )
ℑ(α±1 )


(79)
and
A0(x+ iy) = x+
ℜ(α−2 − α−1 )
ℑ(α−1 )
y + i
ℑ(α−2 )
ℑ(α−1 )
y (80)
An+1(x+ iy) = x+
ℜ(α+2 − α+1 )
ℑ(α+1 )
y + i
ℑ(α+2 )
ℑ(α+1 )
y + T , (81)
where T = τ{[σ−1(jν)+1]} (ξ2)− τ{[σ−1(jν)+1]} (ξ1) is the appropriate positive real
onstant. Now let
vk˜j˜ (ξi) = α
−
i +
σ(j−1)∑
j′=j˜
τ
(
Sj′,σ(j′) (ξi)
)− σ(k˜−1)∑
k′=σ−1(j)+1
τ
(
Sk′,σ(k′) (ξi)
)
. (82)
Then on eah triangle Σmkν ,jν (ξ1), m = 1, . . . , n, with vk˜j˜(ξ1) as the left edge
and Sj˜−1,σ(j˜−1)(ξ1) as the upper (or Sk˜,σ(k˜)(ξ1) as the lower) edge, we dene
Am by[
τ
(
Sℓ,σ(ℓ) (ξ1)
)
0
]
7→
[
τ
(
Sℓ,σ(ℓ) (ξ2)
)
0
]
and
[ ℜ(vk˜j˜ (ξ1))
ℑ(vk˜j˜ (ξ1))
]
7→
[ ℜ(vk˜j˜ (ξ2))
ℑ(vk˜j˜ (ξ2))
]
,
(83)
ℓ = k˜, j˜ − 1, so that
A =

 τ(Sℓ,σ(ℓ)(ξ2))τ(Sℓ,σ(ℓ)(ξ1)) ℜ(vk˜j˜(ξ1)−vk˜j˜(ξ1))ℑ(vk˜j˜(ξ1))
0
ℑ(v
k˜j˜
(ξ2))
ℑ(v
k˜j˜
(ξ1))


(84)
and
Am(x+ iy) = x+
ℜ(vk˜j˜ (ξ2)− vk˜j˜ (ξ1))
ℑ(vk˜j˜ (ξ1))
y+ i
ℑ(vk˜j˜ (ξ2))
ℑ(vk˜j˜ (ξ1))
y+ Tm, m = 1, . . . , n,
(85)
where Tm is the proper translation as above.
Every above map is an orientation-preserving linear map and is hene a
quasi-onformal homeomorphism. Sine eah φ1, φ2 is a onformal isomorphism,
then the ompositions
φ−12 ◦A ◦ φ1 (86)
are quasi-onformal on the Zc \ {ζc}, Zs, and Zαω. These maps extend ontin-
uously to the equilibrium points ζ (ξi).
Corollary 5.2. Suppose ξ1, ξ2 ∈ Ξd have the same ombinatorial and analyti
invariants, i.e. (∼1, H1) = (∼2, H2) and A (ξ1) = A (ξ2). Then ξ1 = ξ2 (i.e.
P1 = P2).
Proof. When the analyti invariants are idential, eah A = id above, and in
this ase we an onlude that ψ is a holomorphi automorphism of C. The only
isomorhpisms ψ that onjugate vetor elds in Ξd are of the form z 7→ d−1
√
1z.
Sine both s0 (ξ1) and s0 (ξ2) are asymptoti to R+ at innity, it follows that ψ
is the identity.
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Therefore, the ombinatorial and analyti invariants assigned to a vetor
eld determine the vetor eld uniquely in Ξd.
6 The Struture Theorem
We have dened analyti and ombinatorial invariants, given a vetor eld.
We now wish to show that given a ombinatorial invariant and a set of analyti
invariants with the properties desribed above, there exists a unique polynomial
vetor eld ξP ∈ Ξd realizing the given invariants.
Theorem 6.1 (Struture Theorem). Given a ombinatorial data set (∼, H) ∈
Dd and an analyti data set A ∈ A (∼, H), there exists a unique ξP ∈ Ξd
realizing (∼, H) and A, i.e. (∼P , HP ) = (∼, H) and A (ξP ) = A.
The proof is onstruted as follows:
1. Construt the retied surfae M with vetor eld ξM from the data
(∼, H) and A.
2. Dene an atlas on M to show it is a Riemann surfae
3. Show that M is isomorphi to Cˆ.
4. Show existene of the unique isomorphism Φ : M → Cˆ that indues
Φ∗ (ξM) = ξP ∈ Ξd having the given invariants.
7 Denition of and Atlas for M
Let (∼, H) (a ombinatorial data set) and A(∼, H) (a orresponding total ana-
lyti invariant) be given. Out of these data, we will onstrut a Riemann surfae
M with a vetor eld ξM.
7.1 Constrution of the Retied Spae
We rst onstrut the retied zones: vertial half-strips, half-planes, and strips
as follows.
For every ounter-lokwise (respetively lokwise) losed H-hain H{[ki1 ]}
(resp. H{[ji1 ]}), we onstrut an upper (lower) vertial half-strip
C{[ki1 ]} =
{
z ∈ H | 0 < ℜ(z) < τ{[ki1 ]}
}
(
resp. C{[ji1 ]} =
{
z ∈ −H | 0 < ℜ(z) < τ{[ji1 ]}
})
Its lower (resp. upper) boundary is ]0, τ{[ki1 ]}[⊂ R (resp. ]0, τ{[ji1 ]}[⊂ R), la-
beled aording to the orresponding H-hain as in Denition 3.8. That is,
]0, τ(Ski1 ,σ(ki1 ))[ (resp. ]0, τ(Sjin ,σ(jin ))[) is labeled by Ski1 ,σ(ki1 ) (resp. Sjin ,σ(jin )),
and
]τ(Ski1 ,σ(ki1 )), τ(Ski1 ,σ(ki1 )) + τ(Ski2 ,σ(ki2 ))[(
resp. ]τ(Sjin ,σ(jin )), τ(Sjin ,σ(jin )) + τ(Sjin−1 ,σ(jin−1 ))[
)
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Eki1 = 0Ekin
· · ·
· · · · · ·
Ski1 ,σ(ki1 )Skin ,σ(kin ) · · ·︸ ︷︷ ︸Ski2 ,σ(ki2 ) Skin ,σ(kin )
τ{[ki1 ]}
Eki1
· · ·
Eki2 = Eσ(ki1 )+1 · · ·
Figure 15: Depition of how to build an upper vertial half-strip from a ounter-
lokwise losed H-hain.
· · · · · ·Sjin ,σ(jin ) Sji1 ,σ(ji1 ) Sjin ,σ(jin )
τ{[ji1 ]}
Sji2 ,σ(ji2 )
Eji1 = 0Eji2 = Eσ(ji1 )+1
︷ ︸︸ ︷
· · ·Eji1 Eji3
· · ·
· · · · · ·
Figure 16: Depition of how to build a lower vertial half-strip from a lokwise
losed H-hain.
is labeled as in Denition 3.9 by Ski2 ,σ(ki2 ) (resp. Sjin−1 ,σ(jin−1 )), et. (see
Figure 15 resp. Figure 16). Eah homolini separatrix Sk,j in the H-hain
onnets the marked points Ek and Ej+1 (resp. Ek−1 and Ej) in R.
For every ounter-lokwise (resp. lokwise) open H-hain H{[ki1 ]} (resp.
H{[ji1 ]}) of length n ≥ 0, the odd separatrix Sk, k = σ(kin )+1 (resp. k = jin−1),
and the even separatrix Sj , j = ki1−1 (resp. j = σ(ji1 )+1), are attahed to the
H-hain by the ends Ek and Ej+1 (resp. Ek+1 and Ej) respetively. If k = σ(j)
(resp. j = σ(k)), then there are two possibilities: either the H-hain together
with Sk, Sj , and all the ends they onnet make up the lower (resp. upper)
boundary of an upper (resp. lower) half-plane Hk (resp. −Hj), or they are on
the lower (resp. upper) boundary of the strip Σk,σ(j) (resp. Σσ(k),j), where Sσ(j)
and Sσ−1(k) (resp. Sσ−1(j) and Sσ(k)) are attahed to the same open H-hain,
and these together with the ends they onnet make up the upper (resp. lower)
boundary of the strip.
In the ase of a strip Σk,j , we label R− by Sσ−1(j), and we label R−+α
−
i (∼
, H) by Sj (τ := 0 when the H-hain has length 0). Now Sj and Sσ−1(j)
are attahed to the lokwise, respetively ounter-lokwise, open H-hains
H{[σ(j−1)]} and H{[σ−1(j)+1]}. The interval [0, τ{[σ−1(j)+1]}] is labelled by the ho-
molini separatries inH{[σ−1(j)+1]} and the ends they onnet, and [0, τ{[σ(j−1)]}]+
α−i (∼, H) is labelled by the homolini separatries in H{[σ(j−1)]} and the ends
they onnet. Finally, ]τ{[σ−1(j)+1]},∞[ is labelled by Sk, and ]τ{[σ(j−1)]},∞[+α−i (∼
, H) is labelled by Sσ−1(k) (see Figure 17).
Every separatrix is on the upper boundary of exatly one retied zone and
on the lower boundary of exatly one retied zone. In the non-homolini ase,
it is on the boundary of:
• two strips,
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Sj−1,σ(j−1)
Ej
Sk
Eσ(j−1)
Ek
Sj
Eσ(k−1)
Sk−1,σ(k−1)
n−
Eσ(σ(k−1)−1)
Sσ(k−1)−1,σ(σ(k−1)−1)· · ·Sσ−1(j) = Sσ(σ(. . . σ(︸ ︷︷ ︸k−1 )− 1 . . . )− 1)− 1︸ ︷︷ ︸
Eσ−1(j)+1
Σkj
· · ·
· · ·
S︷ ︸︸ ︷
σ(σ(. . . σ( j−1
︷ ︸︸ ︷
)− 1 . . . )− 1)− 1
= Sσ−1(k)
n+
Eσ(σ(j−1)−1) Eσ−1(k)+1
n+
Sσ(j−1)−1,σ(σ(j−1)−1) · · ·
n−
Figure 17: Depition of how to build a strip with one lokwise and one ounter-
lokwise H-hain on the boundary. The onstrution is the same for open
H-hains on the boundaries of half-planes.
• one strip and one half-plane, or
• two half-planes (see Figure 28).
In the homolini separatrix ase, the separatrix is on the boundary of:
• two strips,
• one strip and one half-plane (see Figure 25),
• one strip and one vertial half-strip (see Figure 26),
• two half-planes (see Figure 24),
• one half-plane and one vertial half-strip, or
• two vertial half-strips (see Figure 27).
Every separatrix admits a unit-speed parameterization, one starting from the
marked point labeled by Eℓ and the other from Eℓ+1 always suh that if Ej is
seen from below, then Ej+1 is seen from above orresponding to the ends on
either side of Sj , and if Ek+1 is seen from below, then Ek is seen from above
orresponding to the ends on either side of Sk (ompare Figures 15 and 16).
Now that we have onstruted the vertial half strips C{[ℓ]}, half-planes ±Hℓ,
and strips Σk,j with proper labeling,
M∗ =
(∐
C{[ℓ]}
∐
±Hℓ
∐
Σk,j
)
/ ∼, (87)
where ∼ is the equivalene relation suh that all ends are identied, E =
{Eℓ}/ ∼, eah pair of points z ∈ Sℓ or z ∈ Sk,j on the two ourenes of
any separatrix respeting the unit-speed parameterization are identied, and
z ∼ z + τ{[ℓ]} for z ∈ iR≥0 ⊂ ∂C{[ℓ]}.
Proposition 7.1. The set M∗ is a Hausdor topologial spae.
Proof. Eah C{[ℓ]}, ±Hℓ, and Σk,j is a Hausdor topologial spae with subspae
topology from C. Every disjoint union of Hausdor spaes is again Hausdor,
so the disjoint union
∐
C{[ℓ]}
∐±Hℓ∐Σk,j is a Hausdor topologial spae.
NowM∗ is a topologial spae with the quotient topology, and one an onvine
oneself that the identied points under∼ do not ause any separability problems.
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As a topologial spae, M∗ has q ends we all ∞[ℓ] orresponding to the
equivalene lasses [ℓ] ∈ L and c = c(∼, H) ends ∞{[ℓ]} orresponding to the
losed H-hains H{[ℓ]}. We will make harts of the neighborhoods of the ends to
show that eah end orresponds to one point. The natural (q+ c)-point losure
of M∗ is denoted M and is alled the retied surfae. The onstrution of the
Riemann surfae struture on M is ontained in the onstrution of the atlas
that follows.
7.2 An atlas for M
We show that M is a Riemann surfae by onstruting an atlas for M. We
onstrut overlapping open sets U ⊂ M overing M, and dene harts ηU :
U → C. There are four types of points on M we need to onsider:
• points in retied zones,
• points on separatries,
• the point E, and
• the ends of M∗.
For the rst type of point, we only need to note that eah C{[ℓ]}, ±Hℓ, and Σk,j
has as a natural hart in C by projetion.
For points on separatries, we note the following. Sine eah separatrix is
on the upper boundary of exatly one retied zone and on the lower boundary
of exatly one retied zone, we let U in the non-homolini ase be the open
set in M∗ whih orresponds to the two retied zones in C identied along Sℓ
and let ηU : U → C be the hart for whih ηU (Sℓ) = R+ (resp. R−) for ℓ odd
(resp. even). In the homolini ase, we let U be the open set in M∗ whih
orresponds to the two retied zones in C identied along Sk,j ⊆]0, τ [, where
τ is the length of Sk,j .
We dene a hart ηE : UE → D d−1√r
d−1
around E as follows.
For eah ℓ, let Dℓ be the semi-disk in either a strip, half-plane, or vertial
half-strip with enter Eℓ, positive (see Figure 18) if ℓ is odd, negative if ℓ is
even, and with radius r suiently small, i.e.
r <
1
2
(
min
i
{ℑ(αi(∼, H))}, {τi(∼, H)}
)
(88)
for i = 1, . . . , s, and i = 1, . . . , h, respetively (see Figures 18 and 20). The
neighborhood UE ⊂M of E is then the half-disks taken with proper identia-
tion, {Dℓ}/ ∼.
First onsider the map E 7→ 0, giving a d− 1 overing of Dr orresponding
to arg(Z −Eℓ) ∈ [−(ℓ− 1)π,−(ℓ− 2)π] in eah Dℓ. To get a univalent overing,
we apply the appropriate (d− 1)st root by setting φE : Dr → D d−1√r
d−1
, where
φE(z) = exp
(
1
d− 1L(−ℓ+ 12 )π
)
(89)
and L(−ℓ+ 12 )π is an appropriate branh of the logarithm. This takes our d − 1
overing about 0 to a univalent overing of D d−1√r
d−1
where S0 is asypmtoti to
R+ at innity (see Figure 19).
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Σkj ∪ Sk ∪ Sj
Ek
Ej
Dk
Dj
Figure 18: Half disks D+k and D
−
j .
S1
S2
S3
φE(D6)
0
φE(D0)φE(D5)
φE(D1)φE(D4)
φE(D2)
S4
S5
S6
S7
S0
φE(D3)
φE(D7)
Figure 19: A neighborhood of ηE(E) = 0 in the hart ηE exemplied for d = 5.
Ej
Eσ(k−1)
Eσ(j−1)
Ek
Sj Sσ(j−1)
Sj
Sk
Sj−1,σ(j−1)
Sj−1,σ(j−1)
Sσ(k−1),k−1
Ej Eσ(j−1)
Ek Ek
Figure 20: Examples of how one an onstrut half-disks for the ends in eah
retied zone.
38
Sσ3(j)
Sσ(j)
Sσ2(j)
Sj
Eσ(j)
Eσ(j)+1
Eσ3(j)
R−
Sσ4(j) = Sσn[j] (j) = Sj
Eσ4(j) = Eσn[j] (j) = Ej
Eσ3(j)+1
Eσ2(j)+1
Eσ2(j)
Ej+1 = 0
Σ[j]
Figure 21: Example of the set Σ[j] for an even equivalene lass with four
elements.
We now onstrut overlapping open sets U ⊂ M overing the ends of M∗,
and dene harts ηU : U → C determined by ρ[ℓ] for eah odd or even equiv-
alene lass and losed H-hain. The hart about mixed equivalene lasses is
onstruted via Fatou oordinates.
7.3 Neighborhoods of odd or even equivalene lasses and
losed H-hains
Let Σ[ℓ] be the open set in C orresponding to an odd or even equivalene lass
[ℓ] onstruted in the following manner.
Let I[ℓ] = {i ∈ 1, . . . , s (∼, H) | ji ∈ [ℓ]}.
For an even equivalene lass [j] (see Figure 21), we make an open strip in
the plane
{
z ∈ C | 0 < ℑ (z) < ℑ (ρ[j])}. We take away the half line {z ∈ C |
z = α−i (∼, H) + t, t ∈ R+} suh that i ∈ I[j]. We ontinue this proess for
the remainder of j ∈ [j].
For an odd equivalene lass [k] (see Figure 22), we make an open strip in
the plane
{
z ∈ C | 0 < ℑ (z) < ℑ (ρ[k])}. We take away the half line {z ∈ C |
z = α+i (∼, H) + t, t ∈ R−}. We ontinue this proess for the remainder of
k ∈ [k] (see Figure 22).
We rst dene U∗[ℓ] =
(
Σ[ℓ]/ ∼
)
, where ∼ means identifying the appropriate
points of Sℓ. We dene for [ℓ] odd (respetively, [ℓ] even) U˜[ℓ] = U
∗
[ℓ] \ Sℓ. Now
U˜[ℓ] is an open subset in M∗, whih is identied by q[ℓ] : U˜[ℓ] → Σ[ℓ] with
the open set Σ[ℓ] ⊂ C. This domain in C is then mapped by φ[ℓ] : Σ[ℓ] →
C dened by φ[ℓ] (Z) = exp
(
∓2πi
ρ[ℓ]
Z
)
. The image φ[ℓ]
(
Σ[ℓ]
)
is C exept for
one omplete logarithmi spiral going through the point z = 0, the origin,
and tails of logarithmi spirals orresponding to φ[ℓ]
(
∂Σ[ℓ]
)
. Note that ∂Σ[ℓ]
onsists of all the dotted lines in Figures 21 and 22 along with the Eℓi and
Eℓi+1 where ℓi ∈ [ℓ]. The map φ[ℓ] extends ontinuously to ϕ[ℓ] : Σ[ℓ]∪R± → V ∗[ℓ]
where V ∗[ℓ] is C minus the origin and tails of logarithmi spirals orresponding
to ∂Σ[ℓ] \ {R± ∪
(
ρ[ℓ] + R±
)} (see Figure 23). It is dened as follows:
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R+
Sσ−1(k)
Sk
Sσ−3(k)
Sσ−2(k)
Eσ−1(k)+1
Sσ4(k) = Sσ−n[k](k) = Sk
Eσ−2(k)+1
Eσ−1(k)
Eσ−3(k)+1
Eσ−2(k)
Eσ−4(k)+1
Eσ−3(k)
Ek = 0
Σ[k]
Figure 22: Example of the set Σ[k] for an odd equivalene lass with four ele-
ments.
φ[1](S3)
φ[1](S5)
φ[1](T54)
φ[1](∞[1]) = 0
φ[1](T16)
φ[1](S1)
φ[1](T32)
Figure 23: V[k] for an odd equivalene lass [k]. Speially, [1] = {1, 3, 5}. The
thin dark urves are the images of the retied transversals T16, T32, and T54
under φ[1]. The solid light urves are the images of the retied separatries
S1, S3, and S5. The dashed urves are tails of logarithmi spirals whih are
the images of R−, R− + α
+
i3
, R− + α
+
i3
+ α+i2 , and R− + α
+
i3
+ α+i2 + α
+
i1
, where
i2 = i1 + 1 and i3 = i2 + 1.
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Sk,jEk Ej+1
Ek+1
Sj+1
Ej
Sk−1
Sj−1Sk+1
Figure 24: The neighborhood of an equivalene lass inH on the retied surfae
M in the ase where the neighborhood onsists of two half-planes, along with
the line segment orresponding to the equivalene lass.
ϕ[ℓ] (Z) =
{
φ[ℓ] for Z ∈ Σ[ℓ]
exp
(
∓2πi
ρ[ℓ]
Z
)
for Z ∈ R± . (90)
For an even or odd equivalene lass [ℓ] , we dene η[ℓ] : U
∗
[ℓ] → V ∗[ℓ] by η[ℓ] =
ϕ[ℓ] ◦ q[ℓ] (Z 6= 0). This is a hart on U∗[ℓ] whih an be extended to a hart
η[ℓ] : U[ℓ] → V[ℓ] on U[ℓ] by mapping the punture ∞[ℓ] 7→ 0.
The next ase orresponds to a losed H-hain H{[ℓ]}, where we remind
that lokwise or ounter-lokwise orientation are represented by ℓ even or odd
respetively. We dene U∗{[ℓ]} to be the open set onM, onstruted by C{[ℓ]}/ ∼.
We dene for [ℓ] odd (respetively, [ℓ] even) U˜{[ℓ]} = U
∗
{[ℓ]}\S where S is the urve
onM dened by the equivalene relation z ∼ z+τ{[ℓ]}, z ∈ iR± ⊂ ∂C{[ℓ]}. Now
U˜{[ℓ]} is an open subset in M, whih is identied by q{[ℓ]} : U˜{[ℓ]} → C{[ℓ]} with
the open set C{[ℓ]} = {z ∈ ±H | 0 < ℜ (z) < τ{[ℓ]}}. This domain C{[ℓ]} ⊂ C
is then mapped by φ{[ℓ]} : C{[ℓ]} → D dened by φ{[ℓ]} (Z) = exp
(
∓2πi
τ{[ℓ]}
Z
)
.
The image is φ{[ℓ]}
(
C{[ℓ]}
)
= D \ [0, 1[. The map φ{[ℓ]} extends ontinuously to
φ{[ℓ]} : C{[ℓ]} ∪ iR± → D∗. It is dened as follows:
ϕ{[ℓ]} (Z) =
{
φ{[ℓ]} for Z ∈ C{[ℓ]}
exp
(
∓2πi
τ{[ℓ]}
Z
)
for Z ∈ iR± . (91)
For [ℓ] odd (resp. even), we dene η{[ℓ]} : U
∗
{[ℓ]} → D∗ by η{[ℓ]} = ϕ{[ℓ]} ◦ q{[ℓ]}
(Z 6= 0). This is a hart whih extends to η{[ℓ]} : U{[ℓ]} → D by ∞{[ℓ]} 7→ 0.
7.4 Neighborhoods around Mixed Equivalene Classes [m]
For a mixed equivalene lass [m] with p[m] parity hanges, we dene U
∗
[m] to
be a suitably restrited domain on M∗, identied with appropriate restritions
(to be determined below) of upper and lower half-planes Hk and −Hj with
k ∼ j ∈ [m] and half-strips of the Σk,j suh that either j ∼ σ−1 (j) ∈ [m]
or k ∼ σ−1 (k) ∈ [m], with proper identiation along the separatries. The
goal is to show the existene of a hart η[m] : U
∗
[m] → V ∗[m], where V[m] is some
neighborhood of 0, and the punture ∞[m] in U∗[m] orresponds to 0.
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Sk,j
Ek Sj+1Ej+1
Ek+1
Sk−1
EjSk+1
Eσ(j−1)
Sj−1
Sσ−1(k+1) Sσ(j−1)
Figure 25: The neighborhood of an equivalene lass inH on the retied surfae
M in the ase where the neighborhood of the equivalene lass onsists of one
half-plane, a strip, and the line segment orresponding to the equivalene lass.
Ej+1 = Ek
Ej
Ek
Ek+1Sk+1 Sj−1
Sσ(j−1)Sσ−1(k+1)
Eσ(j−1)
Sk,j
Figure 26: The neighborhood of an equivalene lass inH on the retied surfae
M in the ase where the neighborhood of the equivalene lass onsists of one
vertial half-strip sewn to the strip along the line segment orresponding to the
equivalene lass.
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Sk,j
Sσ(j+1)+1,σ(σ(j+1)+1)
Eσ(j+1)+1Sj+1,σ(j+1) EkEk
Ej
Ej+1
Ek+1 = Ej
Figure 27: The neighborhood of an equivalene lass inH on the retied surfae
M in the ase where the equivalene lass belongs to two dierent losed H-
hains. The neighborhood of the equivalene lass onsists of an upper and
lower vertial half-strip, possibly having dierent widths, along with the line
segment orresponding to the equivalene lass.
Sj
Ej Sj−1
Ej+1
Sk
EkSj+1
Sk+1
Sk−1
Ek+1
Figure 28: The gure on the left is a neighborhood of a separatrix Sj , j ∈ [m].
It onsists of an upper and lower half-plane sewn along the separatrix Sj, so it
an be represented by C\ (R+ ∪ {0}). The gure on the right is a neighborhood
of a separatrix Sk, k ∈ [m]. It onsists of an upper and lower half-plane sewn
along the separatrix Sk, so it an be represented by C \ (R− ∪ {0}).
Sk = Sσ−3(k)
Eσ−1(k)
Eσ−2(k)+1
Eσ−2(k) Eσ(σ−2(k)−1)
Sk
Ek+1 = −ρ[m]
Ek = 0
Sσ−1(k)
Sσ−2(k)
Figure 29: Possible depition of an almost p[m]/2 times overing of ∞ in
retifying oordinates with ℑ (ρ[m]) > 0 and p[m] = 2.
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Ek+1 = −ρ[m]
Eσ−2(k)Eσ−3(k)+1
Eσ−3(k) Eσ−2(k)+1
Eσ−1(k)+1
Eσ−4(k)+1
Eσ−1(k)
Sk
Ek = 0
Sσ−1(k)
Sσ−2(k)
Sk = Sσ−5(k)Sσ−4(k)
Sσ−3(k)
Figure 30: Possible depition of a more than p[m]/2 times overing of ∞ in
retifying oordinates with ℑ (ρ[m]) < 0 and p[m] = 2.
Pik some k ∈ [m] and x in C the half-plane or half-strip having Sk on
its lower boundary suh that Sk is equal to R+. Continue building ounter-
lokwise in this way with identiation orresponding to [m] until one omes
bak to the other represenation of the separatrix Sk on the upper bound-
ary of some half-plane or half-strip, whih will be identied with the half-line
R+−ρ[m].The half-planes and half-strips will wind around approximately p[m]/2
times in the following sense: a neighborhood of ∞ is overed p[m]/2 times if
ℑ (ρ[m]) = 0, almost p[m]/2 times if ℑ (ρ[m]) > 0 (see Figure 29), and a bit
more than p[m]/2 times if ℑ
(
ρ[m]
)
< 0 (see Figure 30). Let DR be the disk with
radius
R =
s∑
i=1
|αi|+
h∑
i=1
|τi| . (92)
Then through several steps we an onstrut a hart η[m] : U
∗
[m] → V ∗[m]. The
following steps in the onstrution of the hart η[m] are inspired by Shishikura's
treatment of Fatou oordinates in [Shi00℄.
Consider the map π : C→ C dened by
π (z) = exp
(
πip[m]z
)
. (93)
Note that π
(
z + np[m]/2
)
= π (z) for all n ∈ Z.
Set γ′ = iR, i.e. the unique preimage of R+ under π suh that ℜ (z) = 0
for z ∈ γ′, and let γ˜′ be the unique preimage of the half-line R+ − ρ[m] under
π ontained in the strip
p[m]/2−1
p[m]/2
< ℜ (z) < 1 when ℑ (ρ[m]) > 0 (1 < ℜ (z) <
p[m]/2+1
p[m]/2
when ℑ (ρ[m]) < 0, and ℜ (z) = 1 when ℑ (ρ[m]) = 0). Note that in
eah ase ℜ (z)→ 1 for ℑ (z)→ −∞ on γ˜′ (see Figure 31).
We dene the map f˜ : γ′ → γ˜′ suh that it satises(
π ◦ f˜
)
(z) = π (z) + τ, z ∈ γ′ (94)
with τ = −ρ[m], i.e. so that the proper identiation is preserved. From this
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−0.2 0 0.2 0.4 0.6 0.8 1 1.2
−1
−0.8
−0.6
−0.4
−0.2
0
γ ′ = iR
γ˜ ′
Figure 31: Graph of γ′, the unique preimage of R+ under π suh that ℜ (z) =
0, and γ˜′, the unique preimage of the half-line R+ − ρ[m] under π for whih
ℜ (z)→ 1 for ℑ (z)→ −∞ on γ˜′. In this example, ρ[m] = −1 + 2i and p[m] = 2
(ompare with Figure 29), so the preimage ontained in the strip 0 < ℜ (z) < 1.
relation, one an dedue the expression
f˜ (z) = z + 1 +
Log
(
1 + τ exp
(−πip[m]z))
πip[m]
, z ∈ γ′. (95)
The funtion f˜ an be extended holomorphially in some lower half plane H1 =
{z ∈ C | ℑ (z) < c1 < 0}. The onstant c1 an be determined by foring the
ondition |τ exp (−πip[m]z) | < 1 so that Log is analyti in H1. Then c1 beomes
c1 =
− ln |τ |
πp[m]
. (96)
Proposition 7.2. There exists a half-plane H2 ⊂ H1 suh that f˜ satises the
properties
|f˜ (z)− (z + 1) | < 1/4 (97)
|f˜ ′ (z)− 1| < 1/4. (98)
Proof. Suppose |τ | exp (πp[m]ℑ (z)) < R < 1 for some R. This an be rewritten
as
ℑ (z) < c1 + ln (R)
πp[m]
, (99)
for whih we have
|f˜ ′ (z)− 1| = | − τ exp
(−πip[m]z) |
|1 + τ exp (−πip[m]z) | ≤ R1−R. (100)
For the other ondition, we an alulate
|f˜ (z)− (z + 1) | = |Log
(
1 + τ exp
(−πip[m]z)) |
|πip[m]|
(101)
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and |Arg (1 + τ exp (−πip[m]z)) | < Arsin (R), giving
|f˜ (z)− (z + 1) |2 < 1(
πp[m]
)2 [ln2 (1 +R) +Arsin2 (R)] . (102)
Sine
R
1−R , ln (1 +R), and Arsin (R) tends to 0 as R → 0, we an onlude
that there exists R < 1 suh that |f˜ (z)− (z + 1) | < 14 and |f˜ ′ (z)− 1| < 1/4.
Choose c2 suh that the above onditions are satised in the half-plane H2 =
{z | ℑ (z) < c2}.
Lemma 7.3. f˜ is univalent in H2.
Proof. Take two points z1 6= z2 in H2. We show that f˜ (z1) 6= f˜ (z2). One an
always onnet two points in the half-plane H2 with a straight line segment. We
parameterize this line segment by
l (t) = (1− t) z1 + tz2, t ∈ [0, 1]. (103)
Let L (t) = f˜ (l (t)). Then
f˜ (z2)− f˜ (z1) =
∫ 1
0
L′ (t) dt, (104)
and sine l′ (t) = z2 − z1 6= 0 is a onstant,
f˜ (z2)− f˜ (z1) = 0⇔
∫ 1
0
f˜ ′ (l (t)) dt = 0. (105)
But ∫ 1
0
ℜ
(
f˜ ′ (l (t))
)
dt > 0 (106)
by Equation (98), so f˜ (z2) 6= f˜ (z1).
We now onstrut a univalent funtion Φ in a losed region Ω (dened below)
satisfying Φ
(
f˜ (z)
)
= Φ(z) + 1 on γ = Ω ∩ γ′. Using the same method as in
[Shi00℄, let Σ = {z | 0 ≤ ℜ (z) ≤ 1,ℑ (z) ≤ c3 < c2} and Ω = h1 (Σ) where
h1 : Σ→ Ω is dened by
h1 (x, y) = (1− x) (iy) + xf˜ (iy) , 0 ≤ x ≤ 1, y ≤ c3. (107)
We restrit to y ≤ c3 < c2 sine we want f˜ to be univalent and satisfy properties
(97) and (98) for y = c3.
For x = 0, we are on γ, and for any y ≤ c3 and x = 1, we are on f˜ (γ) = γ˜ =
Ω ∩ γ˜′ and the image of the horizontal line segments for x ∈ [0, 1] in Σ are the
line segments joining iy and f˜ (iy) in Ω.
Now h1 is C1 in Σ◦ as a funtion of the two real variables (x, y) into R2 sine
f˜ is holomorphi. We show that h1 is a homeomorphism.
Lemma 7.4. h1 : Σ
◦ → Ω◦ is a homeomorphism.
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Proof. It is enough to prove that H1 is bijetive sine ontinuity follows from
h1 (x, y) being C1.
The funtion h1 : Σ
◦ → Ω◦ = h1 (Σ◦) is trivially surjetive, so injetivity is
all that remains to be proven.
There is a natural parameterization of γ by y, and ℑ
(
f˜ (iy)
)
must derease
when y dereases by (98) for all iy ∈ γ ⊂ H2. Choose any two points z1 and z2
in ∂Σ suh that ℜ (z1) = 0 and ℜ (z2) = 1 and ℑ (z1) = ℑ (z2). These points
are mapped by h1 respetively to z ∈ γ and f˜ (z) ∈ f˜ (γ), and the horizontal
line segment joining z1 and z2 is mapped under h1 onto the line segment whih
joins z and f˜ (z). This line segment is ompletely ontained in Ω by the above
parameterization property. Now the only way h1 ould fail to be injetive is if
there were two distint line segments in Σ mapped to two distint line segments
in Ω that interset at some point in the interior of Ω. This annot happen due
to the above argument of the respetive orientations of γ and f˜ (γ).
By alulations idential to those in [Shi00℄, it an be shown that h1 has
dilatation ∣∣∣∣∣
∂h1
∂z
∂h1
∂z
∣∣∣∣∣ < 1/3. (108)
Hene, h1 is a quasi-onformal mapping of Σ
◦
onto the half-strip Ω◦, where
h−11
(
f˜ (z)
)
= h−11 (z) + 1 for z ∈ γ.
Set T (z) = z +1. Note that for iy ∈ γ we have h−11
(
f˜ (iy)
)
= h−11 (iy) + 1,
i.e. the diagram
γ
h−11 =id−−−−−→ γyf˜ yT
f˜ (γ)
h−11−−−−→ T (γ)
(109)
ommutes.
Use h1 : Σ → Ω to pullbak the standard omplex struture σ0 on Ω◦
to σ on Σ◦ by σ = h∗1σ0. Extend σ to H3 \ {z ∈ C | ℜ (z) ∈ Z}, where
H3 = {z | ℑ (z) < c3}, through further pullbak of σ using T n (z). For any
n ∈ Z,
(T n)−1 (Σ◦) = {z ∈ C | ℜ (z) ∈ (]− n,− (n− 1) [) ∧ (y < 0)}. (110)
Dene σ on (T n)
−1
(Σ◦) by (T n)
∗
σ, i.e.
σ
(Tn)−1(Σ◦)
= (T n)
∗
(
σ
Σ◦
)
. (111)
Then extend σ to σ˜ on C by
σ˜ =
{
σ, z ∈ H3 \ {z ∈ C | ℜ (z) ∈ Z}.
σ0, elsewhere in C
(112)
By onstrution, σ˜ is a T -invariant almost omplex struture on C, i.e. T ∗σ˜ = σ˜.
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By the measurable Riemann Mapping Theorem, there exists a unique quasi-
onformal mapping h2 : C→ C suh that h∗2σ0 = σ˜ and normalized by xing ic˜
and 1 + ic˜ for some c˜ < c3.
Note that h2 ◦ T ◦ h−12 is a holomorphi bijetion
(C, σ0)
h−12−−→ (C, σ˜) T−→ (C, σ˜) h2−→ (C, σ0) (113)
without xed points, sine h2 is a homeomorphism and T has no xed points in
C. Hene, h2 ◦ T ◦ h−12 is an ane map of the form z 7→ z + b. By the hosen
normalization of h2, we have h2 ◦T ◦h−12 (ic˜) = h2 ◦T (ic˜) = h2 (1 + ic˜) = 1+ ic˜.
Therefore, b = 1 so h2 ◦ T ◦ h−12 = T .
Dene Φ = h2 ◦ h−11 on Ω satisfying Φ
(
f˜ (z)
)
= Φ(z) + 1 on γ = Ω ∩ γ′
respeting the diagram
γ
h−11 =id−−−−−→ γ h2−−−−→ h2 (γ)yf˜ yT yT
f˜ (γ)
h−11−−−−→ T (γ) h2−−−−→ h2 (γ + 1) .
(114)
Then Φ is well-dened and homeomorphi on Ω by the properties of h1 and h2.
Furthermore, Φ is holomorphi on Ω◦.
We next extend Φ to U = interior
(
3⋃
n=−2
Ωn
)
where Ωn = f˜
n (Ω) by
Φ (z) = Φ
(
f˜−n (z)
)
+ n, z ∈ Ωn. (115)
Even though the domain U is muh larger than we need in order to prove that
Φ is holomorphi on γ and f˜ (γ), it is hosen in this way so that we have that
Φ is univalent in {ζ | |ζ − z| < 5/4+ ǫ, z ∈ Ω} for later use in some deformation
estimates (see Setion 9). We have that Φ (z) is well-dened by Equation (115)
in U1 = U ∩H4 where H4 = {z | ℑ (z) < c4 = c3 − 3/4} if there exists a unique
integer −2 ≤ n ≤ 3 suh that f˜n (z) ∈ Ω for z ∈ U (see Figure 32).
Proposition 7.5. There exists a unique integer −2 ≤ n ≤ 3 suh that f˜n (z) ∈
Ω for z ∈ U .
Proof. Consider points z1 and z2 in Ωn−1 and Ωn respetively suh that ℑ (z1) =
ℑ (z2) and onnet them by a horizontal line segment interseting the point z0
on γn = f˜
n (γ). The image of this horizontal line segment under f˜ is naturally
parameterized by
γn (x) = f˜ (x+ iy) , (116)
where y is onstant. To see how muh γn (x) varies from the horizontal, we
alulate
|γ′n (x)− 1| =
∣∣∣f˜ ′ (x+ iy)− 1∣∣∣ < 1/4, (117)
so it follows sine ℜ
(
f˜ ′
)
> 0 and
∣∣∣ℑ(f˜ ′)∣∣∣ < 1/4 that γn (x) is ontained in
the region bounded by the two lines with slope ±1/4 that interset at f˜ (z0),
and furthermore, that γn (x) |ℜ(z1)<x<ℜ(z0) is ontained in the left setor and
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−2 −1 0 1 2 3 4
−20.0025
−20.002
−20.0015
−20.001
−20.0005
−20
−19.9995
Ω1Ω0 = Ω Ω2 Ω3
f˜−2(γ)
f˜(γ)f˜−1(γ)
f˜ 3(γ)
f˜ 2(γ)
Ω−1
f˜ 4(γ)
Ω−2
γ = γ′ ∩ Ω
Figure 32: Depition of the domain U with labelling of the Ωjs and the images
of γ. Note that these urves resemble straight lines rather quikly for ℜ(z) →
−2, . . . , 4.
f˜(z2)γn(x)
γn(y)
f˜(z0)
f˜(z1)
Figure 33: Illustration of the proof of Proposition 7.5
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γn (x) |ℜ(z0)<x<ℜ(z2) is ontained in the right setor (see Figure 33). Now to see
that γn (x) |ℜ(z1)<x<ℜ(z0) ⊂ Ωn and γn (x) |ℜ(z0)<x<ℜ(z2) ⊂ Ωn+1, we need to
show that γn, naturally parameterized by γn (y) = f˜
n (iy), is ontained in the
region bounded by the two lines with slope ±4 that interset at f˜ (z0). That is
|γ′n (y)− i| < 1/4, n = −2, . . . , 3. (118)
For n = 1, we have
|γ′1 (y)− i| = |f˜ ′ (iy)− 1| < 1/4, (119)
and notiing that
γ′n (y) = f˜
′ (γn−1 (y)) · γ′n−1 (y) , (120)
one an show that inequality (118) holds. Sine the vertial and horizontal
setors are disjoint, we an onlude that eah point z ∈
3⋃
n=−2
Ωn is mapped
into Ω = Ω0 exatly one by f˜
−n
, for −2 ≤ n ≤ 3.
We have that Φ is holomorphi and univalent in U \{⋃
j
γj} and is ontinuous
and injetive on the γj . Therefore, Φ is holomorphi and univalent on all of U
as desired by Morera's Theorem.
Let y0 < c4 be suh that the image of the line segment from iy0 to f˜(iy0)
under π is ompletely ontained in C \ DR (see (92)). Dene
U∗[m] = π

S ∩

ℑ(z)− y0 <
ℑ
(
f˜(iy0)
)
− y0
ℜ
(
f˜(iy0)
) ℜ(z)



 . (121)
The omplex struture on Φ (γ) is translation invariant, whih allows post-
ompositon with the map exp (−2πi(·)) : Φ (Ω) → V ∗[m], η[m] = exp (−2πi(·)) ◦
Φ ◦ π−1, dening the neighborhood V[m] of zero. This denes a hart η[m] :
U∗[m] → V ∗[m], whih an be ontinuously extended so that ∞[m] 7→ 0.
7.5 Holomorphi Overlap
The images of eah onneted omponent of the non-empty intersetions U1∩U2
of the open sets inM dening its harts are subsets of eah Vi = ηi (Ui), i = 1, 2
of one of the following types:
• a strip, half-plane, or vertial half-strip, orrespoinding to regular points
on M,
• ombinations of any two of the above glued along the ommon bounding
separatrix, orresponding to neighborhoods of separatries on M,
• D d−1√r
d−1
, orresponding to UE ,
• V[ℓ], orresponding to a soure or sink,
• D for a enter, or
• V[m] for a multiple equilibrium point.
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If V1, V2 are one of the rst two types, then both η1 (U1 ∩ U2) and η2 (U1 ∩ U2)
are whole strips, planes, or vertial half-strips and
η2 ◦ η−11 = T, (122)
for some translation T .
If V1 is one of the rst two types and V2 = ηE (U2 = UE), then η1 (U1 ∩ UE)
is a union of at most two half-disks, possibly joined by a ommon bounding
separatrix and
η1 ◦ η−1E = T ◦ zd−1, (123)
for some translation T . This is learly biholomorphi in the domain of denition
when the appropriate d− 1st branh is hosen.
If V1 = V[ℓ] and V2 = ηE (U2 = UE), then eah onneted omponent of
U1 ∩ UE orresponds to exatly two half-disks Dℓ and Dℓ+1 joined by part of
the ommon bounding separatrix Sℓ and
η1 ◦ η−1E = ϕ[ℓ] ◦ T ◦ zd−1, (124)
for some translation T . This is learly biholomorphi in eah onneted om-
ponent of the domain of denition when the appropriate d − 1st branhes are
hosen.
If V1 = V[k] and V2 = V[j], then η1 (U1 ∩ U2) and η2 (U1 ∩ U2) are whole
strips (maybe 2 whole strips if d = 2), and
η2 ◦ η−11 = ϕ[j] ◦ T ◦ φ−1[k] , (125)
for some translation T . The map
φ−1[k] =
ρ[k]
−2πi ◦ L[k] (126)
is well-dened and biholomorphi in the domain of denition, sine the logarithm
L[k] : V˜[k] → Σ[k] taking the head of the logarithmi spiral passing through z = 1
to
−2πi
ρ[k]
R+ is well dened and holomorphi.
If V1 = D orresponding to an H-hain H{[ℓ]}, then U2 must be of one of the
rst 2 types where U1 ∩ U2 an only orrespond to a vertial half-strip and
η2 ◦ η−1{[ℓ]} = T ◦
τ{[ℓ]}
∓2πi ◦ L0, (127)
whih is biholomorphi on D\ [0, 1[ sine there is a well-dened and holomorphi
branh of the logarithm L0 : D \ [0, 1[→]−∞, 0[×]0, 2π[.
If V1 = V[m] orresponding to a multiple equilibrium point, and V2 is one of
the rst 2 types, then at worst U1 ∩U2 orresponds to part of one of the seond
types and
η[m] ◦ η−12 = exp (−2πi (·)) ◦ Φ ◦ π−1 ◦ T, (128)
for some translation T , and Φ and π as in Setion 7.4. This map is biholomorphi
sine one an hoose a well-dened branh of π−1 in the domain of denition,
so biholomorphiity of exp (−2πi (·)) ◦ Φ ◦ π−1 follows from injetivity and the
holomorphi Inverse Funtion Theorem.
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If V1 = V[m] orresponding to a multiple equilibrium point, and V2 = V[ℓ],
then U1 ∩ U2 orresponds to part of exatly one strip and
η[m] ◦ η−1[ℓ] = exp (−2πi (·)) ◦ Φ ◦ π−1 ◦ T ◦ φ−1[ℓ] , (129)
for some translation T . This map is biholomorphi on its domain of denition
by the previous arguments for exp (−2πi (·)) ◦Φ ◦ π−1 and φ−1[ℓ] . Therefore, we
have made an atlas with holomorphi overlap overingM, and we an onlude
that M is a Riemann surfae.
8 M isomorphi to Cˆ
Proposition 8.1. M is homeomorphi to Cˆ.
Proof. We utilize the Euler harateristi. Note thatM has a topology indued
by the topology of C. The end E gives one vertex, and all other equilibrium
points apart from enters ontribute a vertex. That is, there are a total of
1 + d − c − pP2 verties. The number of edges is 2 (d− 1) − h, the number of
separatries. Eah strip gives one fae, eah basin of a enter gives one fae,
and eah upper and lower half-plane gives a fae. That is, altogether we have
s+ c+ 2 pP2 faes. In total,
χ (M) =
(
1 + d− c− pP
2
)
− (2 (d− 1)− h) +
(
s+ c+ 2
pP
2
)
=1− d+ 2 + h+ s+ pP
2
=2 (130)
sine s = d− 1− pP2 − h (see Equation 61). Therefore, M is homeomorphi to
Cˆ.
Corollary 8.2. M is isomorphi to Cˆ.
Proof. Sine M is a simply onneted Riemann surfae that is ompat, we
have that it must be onformally equivalent to the Riemann sphere Cˆ by The
Uniformization Theorem.
We now analyze the vetor eld ξM on M.
9 The Assoiated Vetor Field ξM
For U[ℓ] suh that [ℓ] is an odd or even equivalene lass, the vetor eld ξM
is dened on U∗[ℓ] by
(
η[ℓ]
)
∗
(ξM) =
(
ϕ[ℓ]
)
∗
(
d
dz
)
. On Σ[ℓ] ∪ {R± ∪
(
ρ[ℓ] + R±
)},
there is a onstant vetor eld
d
dz that onjugates by ϕ[ℓ] to the linear vetor
eld
∓2πi
ρ[ℓ]
z ddz in V[ℓ]\{0}. For [ℓ] odd, the punture −∞[ℓ] ∈ M orresponds to a
sink with multiplier
−2πi
ρ[ℓ]
, and for [ℓ] even, the punture +∞[ℓ] ∈M orresponds
to a soure with multiplier
2πi
ρ[ℓ]
. We see this by observing that
(ηE)∗ (ξM) =
(
ϕ[ℓ]
)
∗
(
d
dz
)
=
∓2πi
ρ[ℓ]
z · d
dz
(131)
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sine
∓2πi
ρ[ℓ]
ϕ[ℓ] (z) =
d
dzϕ[ℓ] (z). The map ϕ[ℓ] extends holomorphially to V[ℓ] by
taking the value 0 at z = 0. Hene, ξM extends holomorphially to the punture
∞[ℓ] by ξM = 0.
For U{[ℓ]} orresponding to a losed H-hain H{[ℓ]}, we dene the vetor
eld ξM on U
∗
{[ℓ]} by
(
η{[ℓ]}
)
∗
(ξM) =
(
ϕ{[ℓ]}
)
∗
(
d
dz
)
. On the vertial half-strips
C{[ℓ]}, there is a onstant vetor eld
d
dz that onjugates by ϕ[ℓ] to the linear
vetor eld
∓2πi
τ{[ℓ]}
z ddz in D
∗
. The punture orresponds to a enter with multiplier
∓2πi
τ{[ℓ]}
. The map ϕ{[ℓ]} extends holomorphially to D by taking the value 0 at
z = 0. Hene, ξM extends holomorphially to the punture ∞{[ℓ]} by ξM = 0.
The indued vetor eld in a neighborhood of E an be alulated:
(ηE)∗ (ξM) = (φE)∗
(
d
dz
)
=
1
d− 1w
−(d−2) d
dw
(132)
in D∗d−1√r
d−1
sine the d− 1 overing of D∗r has onstant vetor eld ddz . Therefore,
the vetor eld ξM has a pole of order d− 2 at E.
For U[m] orresponding to a mixed equivalene lass [m], we wish to show
that the vetor eld in the hart η[m] : U
∗
[m] → V ∗[m] is of order O
(
zp[m]/2+1
)
in
V ∗[m], a neighborhood of zero. That is, we will show ∞[m] ∈ M, orresponding
to the punture in U∗[m] is a multiple equilibrium point of multipliity p[m]/2+1
for ξM.
We will use Koebe's Distortion Theorem and the extension of Φ from Setion
7.4 to prove the following lemma that Φ′ (z) is uniformly bounded in V .
Lemma 9.1. Suppose we have Φ as above in U . Then there exist onstants k1
and k2 in R+ suh that
k1 < |Φ′ (z) | < k2, z ∈ V. (133)
We rst need to use a modied version of Koebe's Distortion Theorem.
It is stated in [Pom75℄, for funtions univalent in D and of the form g (z) =
z + a2z
2 + ...,
|z|
(1 + |z|)2 ≤ |g (z) | ≤
|z|
(1− |z|)2 . (134)
This is restrited to funtions with g (0) = 0 and g′ (0) = 1 dened in D whih
we want to extend to funtions univalent in a disk DR (z0) entered at z0 with
radius R. We show that if f is univalent in {z | |z − z0| < R} then
|z − z0|/R
(1 + |z − z0|/R)2
≤ |f (z)− f (z0) ||Rf ′ (z0) | ≤
|z − z0|/R
(1− |z − z0|/R)2
. (135)
This is true by the following. Let h : {|z˜ − f (z0) | < Rf ′ (z0)} → D, h (z˜) =
z˜−f(z0)
Rf ′(z0)
and note that the mapping z 7→ z−z0R maps the disk entered at z0
and with radius R to the disk D. Let g : D → D be dened by g (w) =
h (f (Rw + z0)). This is the omposition of univalent funtions, so g is univalent.
Furthermore, g(0) = 0 and g′(0) = 1, so g must take the form g(w) = w+ h.o.t,
and hene by Koebe's Distortion Theorem,
|w|
(1 + |w|)2 ≤
|f (Rw + z0)− f (z0) |
|Rf ′ (z0) | ≤
|w|
(1− |w|)2 . (136)
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Remembering that w = z−z0R gives the result.
Proof of Lemma 9.1. It follows from the above that for some z ∈ V , if Φ is
univalent in {ζ | |ζ − z| < R}, where ζ = z + v(z) = f˜(z), then
|v (z) |
(1 + |v (z) |/R)2 ≤
|Φ (z + v (z))− Φ (z) |
|Φ′ (z) | ≤
|v (z) |
(1− |v (z) |/R)2 , (137)
and hene
(1− |v (z) |/R)2
|v (z) | ≤ |Φ
′ (z)| ≤ (1 + |v (z) |/R)
2
|v (z) | . (138)
From the ondition |v (z)− 1| < 1/4, we have 3/4 < |v(z)| < 5/4, and to have
|Φ′| bounded away from 0 and ∞, we need therefore R ≥ 5/4 + ǫ. Sine Φ is
univalent in U , we have
(2/5 + ǫ1)
2
5/4
< |Φ′ (z)| < (2− ǫ2)
2
3/4
(139)
satised for all z ∈ V ∩ {z | ℑ(z) < c4 − (5/4 + ǫ)}.
We next examine the vetor eld in U∗[m] to determine what form ξM takes
at ∞[m]. We will show that
(
η[m]
)
∗
(ξM) = o (z) for z ∈ V ∗[m].
From π∗
(
j ddz
)
= ddw , the vetor eld j
d
dz in S is expressed by
j (z) =
1
πip[m] exp
(
πip[m]z
) . (140)
The expression of the vetor eld g ddz in Φ oordinates is determined by
g (Φ (z)) = Φ′ (z) j (z) . (141)
Now by Lemma 9.1 |Φ′| is bounded away from 0 and ∞, then
Φ′ (z) j (z) = O (j (z)) = O (exp (−πip[m]z)) . (142)
Now under the map exp (−2πiw), the vetor eld f ddz in the puntured disk is
determined by
f (exp (−2πiw)) = −2πi exp (−2πiw) g (w) = O (exp (−2πi(w + (p[m]/2) z))) ,
(143)
whih gives that f = o (z) in the puntured disk. Hene,
(
η[m]
)
∗
(ξM) = o (z)
d
dz ,
where the punture at 0 in V ∗[m] orresponds to the punture in U
∗
[m] whih an
be uniquely extended to U[m] by addition of the point ∞[m]. The vetor eld
ξM an be extended holomorphially to∞[m], i.e. suh that
(
η[m]
)
∗
(ξM) = 0
d
dz
at 0 in V[m].
Now we show that the multipliity of the zero is in fat
(
p[m]/2 + 1
)
. We do
this by an index argument. Consider the (pieewise smooth) Jordan urve about
∞[m] in U[m] that orresponds to the urve γ[m] in retifying oordinates with
half-irles in eah upper and lower half-plane and appropriate line segments
in the half-strips with lokwise orientation so that ∞[m] is to the left of the
urve (see Figure 34). The urve γ[m] maps to another Jordan urve γ in V
∗
[m]
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Sk = R+
Sk = R+ − ρ[m]
γ[m]
q[m]
(
U∗[m]
)
Figure 34: Possible depition of q[m]
(
U∗[m]
)
in retifying oordinates (shaded
area) with p[m] = 2 and ℑ
(
ρ[m]
)
> 0. The vetor eld ddz is tangent to the
urve γ[m] in exatly p[m] plaes. Compare with Figure 35.
γ
Figure 35: Possible depition of the index of
(
η[m]
)
∗
(ξM) in a neighborhood of
zero where the multipliity of ∞[m] is 2. The light vetors are tangent vetors
to γ, and the blak vetors belong to the vetor eld at points along γ. Notie
that the vetor eld is tangent to γ exatly twie: one pointing in the same
diretion as the tangent vetor and one against. Compare with Figure 34.
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under η[m] sine η[m] is univalent. Moreover,
(
η[m]
)
∗
(ξM) is never 0 along γ.
The angles between
(
η[m]
)
∗
(ξM) on γ and the tangent vetors of γ are the
same as the angles between the vetor eld
d
dz and the tangent vetors of γ[m]
sine η[m] is onformal (see Figure 35). This implies that on γ,
(
η[m]
)
∗
(ξM)
will be tangent to γ exatly p[m] times, and alternating with pointing along
the orientation of γ and against the orientation of γ when we travel along γ.
Along the orientation of γ, on the ars between the tangents going along to
the tangents going against, the vetor eld must be pointing inward, sine this
orresponds to what happens in retifying oordinates. This implies that the
vetor eld must be rotating in the same orientation as γ, otherwise there would
be a plae in this ar where there is another tangent. So with respet to the
tangents of γ,
(
η[m]
)
∗
(ξM) has rotated +p[m]/2 times. We must add one more
time around, aounting for the index of γ. This gives that
(
η[m]
)
∗
(ξM) has
index p[m]/2 + 1 at 0.
We have that ξM is holomorphi on M \ {E} sine it an be expressed as
g ddz where g is holomorphi in the domain of eah hart.
10 Proof of the Struture Theorem
We now show that there is a unique onformal isomorphism Φ : M → Cˆ that
indues the vetor eld ξP ∈ Ξd having the given invariants.
Theorem 10.1. There exists a unique onformal isomorphism Φ : M → Cˆ
suh that Φ (E) = ∞ and suh that Φ∗ (ξM) = ξP where ξP ∈ Ξd and ξP has
the given invariants.
Proof. By the Uniformization Theorem, there exists an isomorphism Ψ :M→
Cˆ, whih is unique up to post omposition by a Möbius transformation and
indues a vetor eld Ψ∗ (ξM) dened on Cˆ. Choose Ψ suh that Ψ(E) =
∞. Then Ψ∗ (ξM) is a holomorphi vetor eld on C, expressed in anonial
oordinates as g ddz . We know g has a unique pole of order d − 2 at ∞ sine
(ηE)∗ (ξM) =
−1
zd−2
d
dz for z ∈ V0.
Lemma 10.2. If g ddz is holomorphi in C and g
d
dz has a pole of order d− 2 at
∞, then g ddz is a polynomial vetor eld of degree d.
Proof. Sine g is entire, it admits a Taylor series expansion
g (z) =
∞∑
n=0
anz
n, z ∈ C. (144)
To examine the behavior near ∞, we need to make a transformation by w =
ϕ(z) = 1z using the transformation rule for vetor elds
g˜ (w) =
(−w2) ∞∑
n=0
an
(
1
w
)n
, w ∈ C∗. (145)
So if g˜ ddw has a pole of order d− 2 at w = 0, then an = 0 for n > d, ad 6= 0, and
it follows that g is a polynomial of degree d.
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If g has leading oeient ad, then for A = d−1
√
ad, g
d
dz is onjugate to
a moni polynomial vetor eld whose inoming separatries have asymptoti
diretions δj = exp
(
2πi j2(d−1)
)
where j ∈ {0, 2, . . . , 2d− 4}. We hoose A suh
that AΨ(S0) is asymtoti to R+ near innity
3
. We hoose B suh that∑
H{[ℓ]}⊂H
(
Ψ
(∞{[ℓ]})+B)+ ∑
[ℓ]⊂L
(
p[ℓ]/2 + 1
) (
Ψ
(∞[ℓ])+B) = 0, (146)
entering the equilibrium points. Let∑
H{[ℓ]}⊂H
Ψ
(∞{[ℓ]})+ ∑
[ℓ]⊂L
(
p[ℓ]/2 + 1
)
Ψ
(∞[ℓ]) = c˜. (147)
If c˜ = 0, we are nished. If c˜ 6= 0, then Equation (146) gives the equation
c˜ + dB = 0, giving B = −c˜d . Let A˜ be the unique ane map with A and B as
desribed above. Then Φ = A˜ ◦ Ψ is the unique isomorphism onjugating g ddz
to a moni, entered polynomial vetor eld P ddw of degree d.
The ombinatorial invariant is preserved sine Φ is a onformal isomorphism
suh that s0 = Φ(S0) has R+ as asymptote.
The vetor elds ξM and Φ∗ (ξM) = P
d
dw must have the same number of
zeros with the same multipliities (and at the images Φ
(∞[ℓ]) and Φ (∞{[ℓ]}))
and the same dynamial residues (see, for example, Theorem 1 in [BT76℄), hene
the same analyti invariants.
Therefore, (∼P , HP ) = (∼, H), and A (ξP ) = A (ξM) as desired.
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